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On the Power and Limit of Scientific Machine Learning

CBMS conference on deep learning and numerical PDEs

Joint work with Yiping Lu yplu@stanford.edu
Jose Blanchet, Jiajin Li, Jikai Jin, Haoxuan Chen, Lexing Ying... httos://2prime.aithub.io/



mailto:yplu@stanford.edu
https://2prime.github.io/
mailto:yplu@stanford.edu
https://2prime.github.io/

Two Disciplines in Science

Differential equation
modeling

Data Collecting

SOlvmg using . Machine Learning
numerical algorithms

@ Transparent @ Flexible, Accurate

Lots of approximations Blackbox
Limits the power Data intensive




Two Disciplines in Science

Machine Learning

Differential equation
modeling

SOlvmg using . Machine Learning
numerical algorithms

[Long-Lu-Ma-Dong ICML2018]
@ Transparent @ Flexible, Accurate

Lots of approximations | - TS a0 L0 Blackbox
Limits the power " ‘“learning augmented Data intensive
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Data Collecting




Two Disciplines | :

Can we understand it
theortically?

Structural Model

achine Learning

| Differential equation
7% modeling

Data Collecting

@ Machine Learning

Solving using
numerical algorithms

[Long-Lu-Ma-Dong ICML2018]

@ Transparent . ‘ @ Flexible, Accurate
Lots of approximations iy B Blackbox
Limits the power .~ “learning augmented Data intensive

algortihm”




Machine Learning Research

Aim: fit function (x;, y; =@xi)), 1= 1,2,---,n
Specify problem set, i.e. the space of f

formation Theory Step 1 Information-Theoretical Lower Bound

From Coding to Learning

e Step 2 Statistical guarantee for the estimator
‘Minimax| Optimal” Algorithms

Best Estimator




Machine Learning Research

Aim: f|t fUﬂCtiOﬂ (Xl, yl :ﬂxl)), l — 1,2,"‘, I{!

Information Theory Step 1 |nformat|o

From Coding to Learning

| |
'''''''''''' Step 2 Statistical
Yury Polyanskiy . .
Department of Electrical Engineering and Computer Science ‘ ‘
Massachusetts Institute of Technology
Yihong Wu
Department of Statistics and Data Science
Yale University

Best Estimator

Specify problem set, i.e. the space of f ’

?
eoretical Lower Bound 1 (-7
li¢

rantee for the estimator K

” Algorithms

What is the task of

scientific machine
learning?

Step 0 Specity your task!




Not Just Differential Equation models

"Physic” Model




Not Just Differential Equation models

"‘Physic” Model
Hamilton Jacobil Equation  Value Function Reward Function

Kolomoglov Equation Committor function Boundary Condition

Incentive Model

. Pricing policy/tax Agent Utility Distribution £ 2%
Su per-marting ale OT I P y J y §




Current Research

Reconstruct the solution u

With observation of f: {x;, f(x;) }
Viethodology

‘Han-Jdentzen-E 18] [Yu-E 18] [Raissi-Perdikaris-
Karniadakis 19] [Sirignano-Spiliopoulos 18]
Chen-Hosseini-Owhadi-Stuart 21] [Zang-Bao-Ye-

/hou 20]...
Control and MFG

|Guo-Hu-Xu-Zhang 19][Wang-
Zariphopoulou-Zhou 21][Dai-Gluzman 22]

Auction
| Duetting-Feng-Narasimhan-Parkes-

Ravindranath 19]
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Current Research

Reconstruct the solution u Learn from data pair {u;, f;
With observation of f: {x;, f(x;) } ‘Operator Learning/Functional data analysis”

Methoaology o Viethodology
<erniacalds 1] [Srignano-Spilopoulos 18] . Erunton-ProotorKutz té][Khoo-Lu-ving 1]
'Chen—Hosseini—Ovvhgadi—Stuar" 21] [Zang-Bao-Ye- _Long—Lu—ITi—Dong l18][Lu—Jinl—Pang—Zhang—
Zhou 20] ‘ Karniadakis 20] [Li-Kovachki-...-Stuart-
. Anandkumar 20]
Control and MFG
Theory

[Zczgig_hl_!)ﬁg(ﬁlz)iﬁ;ﬂgJ2]1[]\/[V§2i9(_3.luzman 207 Lanthaler-Mishra-Karniadakis 22] | Talwai-Shameli-Simchi-

| _evi 21][de Hoop-Kovachki-Nelsen-Stuart 21][Li-Meunier-
Auction Mollenhauer-Gretton 22] [Liu-Yang-Chen-Zhao-Liao 22]....

| Duetting-Feng-Narasimhan-Parkes-
Ravindranath 19]




Current Research

Reconstruct the solution u Learn from data pair {u;, f;
With observation of f: {x;, f(x;) } ‘Operator Learning/Functional data analysis’

Methoaology - - Viethodology

KHa”T‘Jg”LZ.eq'gE 13] Yu-E 12— ;lBa'SS'l'Peqdéka”S‘ Brunton-Proctor-Kutz 16][Khoo-Lu-Ying 18]
'C?rzmaHa o Jélr%grzjangi_ O__ ';fOUZOS B] v Long-Lu-Li-Dong 18][Lu-Jin-Pang-Zhang-
Chen-Hosseini-Owhadi-Stuart 21] [Zang-Bao-Ye- o qakis 201 [Li-Kovachki-...-Stuart-

Zhou 20]... Anandkumar 20]
Control and MFG
Theory

|Guo-Hu-Xu-Zhang 19][Wang-
Zariphopoulou-Zhou 21][Dai-Gluzman 22]

J

Lanthaler-Mishra-Karniadakis 22] | Talwai-Shameli-Simchi-
| _evi 21][de Hoop-Kovachki-Nelsen-Stuart 21][Li-Meunier-
Auction Mollenhauer-Gretton 22] [Liu-Yang-Chen-Zhao-Liao 22]....

| Duetting-Feng-Narasimhan-Parkes-
Ravindranath 19]

Brunton-Proctor-Kutz 16] [Long-Lu-Dong 20] [Liang-Yang 22].
Recover parameter 6 in model AH Nickl-Ray 20] [Nickl 20] [Baek-Farias-

= o Drift. Diffusion Strenath Georgescu-Li-Peng-Sinha-Wilde-Zheng 20]
g ’ |Agrawl-Yin-Zeevi 21]...
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achine Learning Research

cientific .
Aim: fit function (x;, y, =@xi)), [ =1,2,---.n

Specify problem sej\ i.e. the space of f

formation Theory Step 1 Infor ion-Theoretical Lower Bound

From Coding to Learning

]
'''''''''''' Step 2 Stati
]
Yury Polyanskiy a x
Department of Electrical Engineering and Computer Science ‘ ‘
Massachusetts Institute of Technology
Yihong Wu
Department of Statistics and Data Science
Yale University

Best Estimator

Physical Equation | Au =f
Recover parameter @ in
Model A,

al guarantee for the estimator
timal™ Algorithms

ne model A from

ir {u,f:}

Reconstruct u with
observation of f: {x;, f(x)}
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achine Learning Research

cientific .
Aim: fit function (x;, y, =@xi)), [ =1,2,---.n

Specify problem sej\ i.e. the space of f

formation Theory Step 1 Infor ion-Theoretical Lower Bound

From Coding to Learning

]
'''''''''''' Step 2 Stati
]
Yury Polyanskiy a x
Department of Electrical Engineering and Computer Science ‘ ‘
Massachusetts Institute of Technology
Yihong Wu
Department of Statistics and Data Science
Yale University

Best Estimator

Physical Equation | Au =f
Recover parameter @ in
Model A,

al guarantee for the estimator
timal™ Algorithms

Standard approximation
and statistical exercises?

ne model A from

ir {u,f:}

Reconstruct u with
observation of f: {x;, f(x)}
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achine Learning Research

[

cientific | o
Aim: fit function (x;, y; =@xi)), i=1,2,--,n =/

.e. the space of f New insights for:

| | Operator learning
ion-Theoretical Lower Bound  Solving PDE

Specity problem se

Information Theory Step 1 |ﬂfOI’

From Coding to Learning
_mwew  Step 2 Statid Fal guarantee for the estimator ~Quadrature Rule
‘Mini timal™ Algorithms

Best Estimator

Physical Equation Au =f
Recover parameter @ in
Model A,

ne model A from

ir {u,f:}

Reconstruct u with
observation of f: {x;, f(x)}
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]
'''''''''''' Step 2 Stati
]
Yury Polyanskiy a x
Department of Electrical Engineering and Computer Science ‘ ‘
Massachusetts Institute of Technology
Yihong Wu
Department of Statistics and Data Science
Yale University

Best Estimator

Physical Equation | Au =f

15

tlflc
f|t unction (x;, y;

len
1IM.:

Specity problem se

Information Theory
From Coding to Learning

% B UNIVERSITY PRESS

Reconstruct u with
observation of f: {x;, f(x)}

Step 1 Infor

achine Learning Research

=(f(x;)). i = 1,2,

.e. the space of f

Recover parameter @ in
Model A,

ion-Theoretical Lower Bound gg
al guarantee for the estimator .

timal”™ Algorithms

ga
“vaﬁ

o Il é‘,

New

insights for:

Operator learning

between
and Iinfini
machine

ne model A from

ir {u,f:}

ving'PDE

adrature Rule

Fundamental difference
finite dimension
te dimension
earning




achine Learning Research

[

cientific | o
Aim: fit function (x;, y; =@xi)), i=1,2,--,n =/

.e. the space of f New insights for:

| | Operator learning
ion-Theoretical Lower Bound  Solving PDE

Specity problem se

Information Theory Step 1 mer

From Coding to Learning
_wew  Step 2 Statid Fal guarantee for the estimator ~Quadrature Rule
‘Mini timal™ Algorithms

New technique for semi-
parametric statistic via
sobolev embedding

Best Estimator

Physical Equation Au =f
Recover parameter @ in
Model A,

ne model A from

ir {u,f:}

Reconstruct u with
observation of f: {x;, f(x)}
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Optimal Quadrature Rule via ML

hitps://arxiv.org/abs/2305.16527

17
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Quadrature Rule

m Estimate Epf
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Quadrature Rule

m Estimate Epf =~ £, f
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Quadrature Rule

m Fstimate [EPf | -Im “ Delmasmg

Sample extra data to know f — f
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Quadrature Rule

Fstimate [Esz P(f f) @ Debiasing

Sample extra data to know f — f

( -)*Regression-adjusted” control variate




“Modern” regression-adjusted cv

Trace estimation:

Hutch++ Lin 17 Numerische Mathematik Mewyer-Musco-Musco-Woodruft 20

Dimension Reduction:
Sobczyk and Luisier Neuips 22

Conformal Prediction:

Conformalized quantile regression Romano-Patterson-Candes Neurips 19

Gradient Estimation
Shi-Zhou-Hwang-Tisias-Mackey Neurips 22 outstanding paper

Causal Inference:
Double Robust estimation ... “Qudrature” RU‘G (Today)
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Understanding this statistically...

Is this algorithm statistical optimal?

?
4 o)
N When this improves MC estimator?

Estimate Ep f

Step 1| Using half of the data to estimate

step2| Epf = Ep(f) + EAL— /)]

Low order term

]’c‘
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Understanding this statistically...

Is this algorithm statistical optimal? Why consider g—th moment?

?
4 o)
N When this improves MC estimator?

EStimate [Epf —Pfq’f = Ws@ Why consider W>-¥?

Step 1| Using half of the data to estimate f

step2| Epf=Ep(f) + EAL= D))

Low order term
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Setting the information theoretical limit

. Smoothness s

A single spike

Minimax rate
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Setting the information theoretical limit

. Smoothness s

de of the bump

A single spike

Minimax rate
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Setting the information theoretical limit

. Smoothness s

arlo Hardness

A single spike

Minimax rate
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Setting the information theoretical limit

. Smoothness s

A single spike

Minimax rate
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Setting the information theoretical limit

. Smoothness s

A single spike

Minimax rate
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Rare Event and Smoothness...

Rare and extreme event

(a) (b)




When the control variate helps

Smoothness s

IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII

Truncate Monte Carlo

Minimax rate

31



When the control variate helps

Smoothness s

® @
R .
p d 2g . e
: e 1 ))
. « NOrare event
® L
® e
e N .
® L
o L
: o max{(l_i>q_1, 4 8
p d 2 J
o L
. .
Truncate Monte Carlo , Regression-adjusied Control Variate
Minimax rate X °




When the control variate helps

Smoothness s

® @
R .
p d 2g . e
: e 1 ))
. « NOrare event
° e
o L
e N .
® L
® e
: & nax { <l _§> ;- _% w- Function estimation
P
o L
: ¢
Truncate Monte Carlo , Regression-adjusied Control Variate
Minimax rate X °




When the control variate helps

Smoothness s

‘No rare event’

max { <l _i> . g- Function estimation
9 o ) W |
> Monte Carlo

Truncate Monte Carlo Regression-adjuséed Control Variate

Minimax rate




When the control variate helps

o
. R Smoothness s
1 s 1 ° Q
R
® ¢
(c ))

. « NOrare event
° ¢
® ¢

.................................................................................. |:> Known!

—1/2 o . I .

Krieg, David, Erich Novak, and Mathias

® ¢ Sonnleitner. Mathematics of Computation 2022
® ¢
: ¢ { <l _ 2) g1, g —— >Function estimation
o P > Monte Carlo
® e
o
. ¢

Truncate Monte Carlo , Regression-adjusied Control Variate

Minimax rate : °




When the control variate helps

Smoothness s

‘No rare event’

bias-variance

—1/2 trade-off
o (sobolev embedding)

Truncate Monte Carlo Regression-adjuséed Control Variate

Minimax rate




When the control variate helps

Smoothness s

Truncate Monte Carlo Regression-adjuséed Control Variate

1 s 1 ° :
pod 2 ,
: finite varlapce ' “no rare event”
[are event ;
..................................... . Why there is a transition point
—1/2 . .

Minimax rate




Semi-parametric efficiency...

Example Monte Carlo Estimate =7~ Epf’.f € W7

Step 1| Using half of the data to estimate f

step2| Epf = Ep(f) +E

Low order term

[ = D)+

“influnce function” (gradient) Error propagation

33



Semi-parametric efficiency...

Example = Monte Carlo Estimate =g~ Epf?.f € W™

Step 1| Using half of the data to estimate f

step2| Epf = Ep(f) +E

Low order term

T (f o f )q How to select the sobolev

“inflyzﬁ function” (gradienh\ emebedding

Embed /4~ and f — f into “dual” space

39



Tricky part of the Proof:select embedding

Easiest Sobolev

° embedding for estimation
. Smoothness s
1 s 1 ° 1 s
—_— = — —_— = —
p d 2q o p d
.4 ﬂ ): < e —2p > : < " >
Embedto Ld-» <« L r-2 Embed to L |
¢ op’ ; : — Select Sobolev embedding
* (CVinlr+z-2¢ *+ L* CVin L
. (]
o

..................................... ..| Choose an embedding both good for evaluating the | |
—1/2 semi-parametric hardness and function estimation

Truncate Monte Carlo

Regressfon—adjusﬁed Control Variate

fq_l(:f—f) dominates

Minimax rate




Tricky part of the Proof:select embedding

Largest possible

®  Sobolev embedding
. Smoothness s
1 s 1 °® 1 s
—_———=— 9 —_— = —
p d 2q o p d
ol _pd_ [ 2pq=2p o0 00 »
= Ja-s = Lpr2 Embed to L |
o CMbed o zp*p X X — Select Sobolev embedding
® (CVinlr+z-24 = LP CVin L
o
o

..................................... Choose an embedding both good for evaluating the |
—1/2 semi-parametric hardness and function estimation

Truncate Monte Carlo

HiegressEon-adjusﬁed Control Variate

Minimax rate f_f“)q dominétes

)\Q.CQQ.CQ..C
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Take home message

a) Statistical optimal regression is the optimal control variate
p) It helps only if there isn't a hard to simulate (infinite variance)
Rare and extreme event

g control the extremeness
Rare and extreme event

Y

(a)




Optimal (Linear) Operator Learning

ICLR 2023 (spotlight)

/ Au=f

Learn the model A from
data pair {u,, f:}
43
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(Linear) Operator Learning

Can we learn the mapping from infinite

dimensional space to infinite dimensional
space?

Functional data analysis!

Data are function pairs {u;, f;}"_,

Learn a mapping from function space to function space
U /i

Let’s first understanding the linear case!
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Linear Operator itself is important still...

Learn p(Y'| X) via learning the linear operator

Pin(x) = pouty) = Jp(y | X)Pin(xX)dx

Distribution 1s infinite dimensional

Distribution of x Distribution of y
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Linear Operator itself is important still...

Learn p(Y'| X) via learning the linear operator

Pin(x) = pouty) = Jp(y | X)Pin(xX)dx

Distribution 1s infinite dimensional

Instrumental variable regression Time series modeling

Generator/Koopman
¢ Operator/CME
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Linear Operator Learning

L earning “infinite-
dimension” matrix

U * Randomly samplead

h Aim to learn

Data collected

oooooooo
-
“

-
e

-,
.., »
.. >
S Sssees
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Why infinite dimensional operator is hard

| _ | ‘ _earning “infinite-
i-ﬁl dimension” matrix
- u

%

It every row have O(1) variance
v~ The total variance is oo

=

[1] Talwai P, Shameli A, Simchi-Levi D.
AISTAT 2022
[2] Li Z, Meunier D, A Gretton. Neurips 2022

[3] de Hoop MV, et al. arXiv:2108.12

BN b




Why infinite dimensional operator is hard

L earning “infinite-
dimension” matrix
Previous Work:
Assume Fast Eigen Decay
to ensure finite variance.
[1] Talwai P, Shameli A, Simchi-Levi D.
AISTAT 2022
[2] Li Z, Meunier D, A Gretton. Neurips 2822
[3] de Hoop MV, et al. arXiv:2108. ,9 )

Fast Variance Decay




Why infinite dimensional operator is hard

| — ‘ \ m _earning “infinite-

trix
Will removing the fast variance decay _D
assumption leads to some thing different? e

alwal F, amell A, nchi-Levi D.
AISTAT 2022
[2] Li Z, Meunier D, A Gretton. Neurips 202«
3] de Hoop M V, et al. arXiv:2108.128152 )

50
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Spaces we are interested

Hilbert space have finite variance as finite dimensional space
Eigen decomposition

— /11 +... K(x,y) = Z /lnen(u)en(v)
n=1

1
Figendecay 4, xn »

v

Ensures finite variance




Spaces we are interested

Hilbert space have finite variance as finite dimensional space
Eigen decomposition

— /11 +... K(x,y) = Z /lnen(u)en(v)
n=1

1
Figen decay A, xn 7

‘Kernel Sobolev space”: larger than RKHS H”  Fourier expansion

/2 /2
— 611/11'6 61 -+ az}tzﬁ 62 +...

with (a;)2, € 5, p € (0,1) \

'-". QO JUN]O‘)“‘\.

/K o ’:; FRF/,, O/L.n
( . ) {5 2% A
12(s e 2\2E
: = e ¢ AL - 5 :
- i ~/s

.l. = ’!

) ()

52



Spaces we are interested

Hilbert space have finite variance as finite dimensional space
Eigen decomposition

— /11 +... K(x,y) = Z /lnen(u)en(v)
n=1

1
Figen decay A, xn »

‘Kernel Sobolev space”: larger than RKHS H”  Fourier expansion

2 /2
with (a,)%2, € &5, € (0,1) 2 RKHS




Problem Formulation

H

Previous Work:

1] Talwai P, Shameli A, Simchi-Levi D. AISTATS 2022
2] Li Z, Meunier D, A Gretton. Neurips 2022

3] de Hoop MV, et al. arXiv:2108.12515

H” is a larger space

Same technique as H? = R for ridge regression




Problem Formulation

H

Previous Work:

1] Talwai P, Shameli A, Simchi-Levi D. AISTATS 2022
2] Li Z, Meunier D, A Gretton. Neurips 2022

3] de Hoop MV, et al. arXiv:2108.12515

H’

How the optimal rate depend on y (output space complexity)?
|s the previous algorithm still Optimal®?




Problem Formulation

Learn an operator A* with bounded || - || gs_, iy norm
Respectto || - | HP —Hr Hilbert-schmidt norm

el

Evaluation norm

“rror(A) = sup  ||A%f— Af| HY
1A, <1




o5/

Main Result: Lower bound

_earn an operator A* with bounded || - || z4_, z» norm
Respectto || - || H S HY Hilbert-schmidt norm

For all (randomized) estimators &£, we have |
N 9 _ 1=y
sup  |[Z({u;, f;}2)) _A”Hﬁ,_) >N mm{ﬂ+ .

With N random observations

j



Main Result: Lower bound

Learn an operator A* with bounded || - || gs_, iy norm
Respect to || « || ys_ gy

Hilbert-schmidt norm

For all (randomized) estimators &£, we have o,y ouiput function space
' —V }

N \ 2 — min{ —
SUP ”g({ui’f;}ltl) A”Hﬁ,—>H?’, Z ]ley input fuAction 7’ ace
VAl 5, p <1 | |
With N random observations

Same rate as previous work
o : Eigen-decay of RKHS

New Rate In the literature caused by infinite dimensional output

53
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Main Result: Lower bound

_earn an operator A* with bounded || - || z4_, z» norm
Respectto || - || H S HY Hilbert-schmidt norm

For all (randomized) estimators £, we have o, ouiput funciion space
{ﬁ ﬁ ?’ 7’}

sup | Z({w. fi}in) — Al > N~ /

Al 5 <1 HF —Hr ™~ Only input function space
—H/— .
i With N random observations

Reason we introduce the test norm
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Main Result: Lower bound

_earn an operator A* with bounded || - || z4_, z» norm
Respect to || « || ys_ gy

Hilbert-schmidt norm
For all (randomized) estimators &£, we have
N 2 — min{
sup 1L (w3 — AP, 2N

WA s, <1 | |
HP—HY With N random observations

’l.'

A magic result, can you explain
it to me in a simple way?
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Consider the matrix view...

Operator is an “infinite” dimensional “matrix”

Qutput space
Higher Variance but Smaller Bias

Low frequency — high frequency

Input space

Low frequency — high frequency
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What is needed to achieve N learning rate

Low frequency — high frequency

Output space

Bias Variance Tradeoff

|gnore part
of the matrix

_earn part
h of the matrix

Low frequency — high frequency

L N

Input space

“Trade off”

Blas

approximation error

_|_

Variance
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Optimal shape for Bias Variance Trade Off

What is needed to achieve N learning rate
Qutput space

Low frequency — high frequency

Bias is larger than

Input space

Low frequency — high frequency
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Optimal shape for Bias Variance Trade Off

What is needed to achieve N learning rate
Qutput space

Variance is larger than N’

Low frequency — high frequency

Bias is larger than

Input space

Low frequency — high frequency




Optimal shape for Bias Variance Trade Off

What is needed to achieve N learning rate

When 6 varies, there are three possible cases

No possible algorithm
v v K

_

09
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Optimal shape for Bias Variance Trade Off

What is needed to achieve N learning rate

Low frequency — high frequency

Qutput space

Variance is larger than N’

Bias is larger than

Low frequency — high frequency

Orange line should always dominate the Blue Line

Input space

Rate determined
Dy output space
Yy —7

Y

Rate determined
by Input space
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Optimal Algorithm

What is the OPTIMAL machine learning algorithm?

Qutput space ,
Rectangular covering the blue part

® Wwithout touching the orange part

A ridge-regression/
\ Discretization(PCA-Net) is

! learning a rectangular

Low frequency — high frequency

Low frequency — high frequency

Input space
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Optimal Algorithm

What is the OPTIMAL machine learning algorithm?

Qutput space ,
Rectangular covering the blue part

® Wwithout touching the orange part

\ : Multilevel Training
\ Only O(InIn N) level is needed

Input space

Low frequency — high frequency

-|—>
Low frequency — high frequency
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Optimal Algorithm

What is the OPTIMAL machine learning algorithm?

Qutput space ,
Rectangular covering the blue part

recluce the bias while e without touching the orange part

control the variance

\

¥ Multilevel Training

Only O(InIn N) level is needeo

Low frequency — high frequency

—
Low frequency — high frequency

Input space

. . /<0 JUNJO;,‘-._
L) A F, )
Ridge regressionfaza=ax)
oS e A
i # |21
:ug e | 4
&

Projection to certain basis in output space

D
< “
-, -
S Sssees
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Optimal Algorithm Changed...

Low frequency — high frequency

Qutput space

reduce the bias while
control the variance

—
Low frequency — high frequency

Previous Works

1] Talwai P, Shameli A, Simchi-Levi D. AISTATS 2022
2] Li Z, Meunier D, A Gretton. Neurips 2022
3] de Hoop MV, et al. arXiv:2108.12515

Ridge regression

Indeed Finite
variance

Low frequency — high frequency
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Optimal Algorithm

Multilevel Training
What is the OPTIMAL machine learning algorithm?

Qutput space

Y o X
<

Input space

Low frequency — high frequency

-

Low frequency — high frequency

What if the two lines coincide?
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What is the OPTIMAL machine learning algorithm?

Optimal Algorithm

Multilevel Training

Qutput space

What if the two lines coincide?

4
(o}
()

?

Only O(In N) level is needed

Low frequency — high frequency

, |nput space

Low frequency — high frequency
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Matches Empirical Using

d) Encoder e) Processor f) Decoder

X
&
&
- J, Returned NN
Initialization ‘ Result L

—ast reconstruction of hierarchical matrix/
Green function Linear Case

0

[Lin-Lu-Ying 11]|Boullée-Kim-Shi-Townsend GraphCast: Learning skillful medium-range
global weather forecasting

Remi Lam™1, Alvaro Sanchez-Gonzalez"-!, Matthew Willson™1, Peter Wirnsberger ™1, Meire Fortunato ™!,

Alexander Pritzel 1, Suman Ravuril, Timo Ewalds!, Ferran Alet!, Zach Eaton-Rosen!, Weihua Hul,
Alexander Merose2, Stephan Hoyer2, George Holland!, Jacklynn Stott!, Oriol Vinyals!, Shakir Mohamed!

and Peter Battaglial

Multi-level Machine Learning
Lye-Mishra-Molinaro 21][Li-Fan-Ying 21] https:/arxiv.org/pdf/2212.12794.pdf
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Take home message

_earning in infinite dimensional space is hard due to the
infinite variance

The hardness of learning a linear operator is determineo
py the harder part between the input and output space

Single level ML leads to sub-optimal rate, multi-level is
needed.
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Current Research

Learn from data pair {u;, f;
‘Operator Learning/Functional data analysis”

Viethodology

Brunton-Proctor-Kutz 16][Khoo-Lu-Ying 18]
Long-Lu-Li-Dong 18][Lu-Jin-Pang-Zhang-
Karniadakis 20] [Li-Kovachki-...-Stuart-
Anandkumar 20}

Theory

Lanthaler-Mishra-Karniadakis 22] | Talwai-Shameli-Simchi-
_evi 21][de Hoop-Kovachki-Nelsen-Stuart 21][Li-Meunier-
Mollenhauer-Gretton 22] [Liu-Yang-Chen-Zhao-Liao 22]....

[Jin-Lu-Blanchet-Ying 23]




Current Research Au =f

Reconstruct the solution u
With observation of f: {x;, f(x;) }

Is direct (plug-in) estimator optimal?

Control and MFG

Auction




Current Research Au =f

Reconstruct the solution u

With observation of f: {x;, f(x;) } diin 1dea

Change solving the model to
solving a minimization problem

Control and MFG

Auction
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Current Research

Reconstruct the solution u

With observation of f: {x;, f(x;) } diin 1dea

Change solving the model to
solving a minimization problem

Control and MFG 1 Design a criteria of whether the model
nave been solved

Auction J\ Vu(x) | = 2u(x)f (x)dx J(AM — f)7dx

2 Sample Average Approximation+ML
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Current Research

Reconstruct the solution u

With observation of f: {x;, f(x;) } diin 1dea

Change solving the model to
solving a minimization problem

Control and MFG 1 Design a criteria of whether the model
nave been solved

Auction J\ Vu(x) | = 2u(x)f (x)dx [(AM — f)7dx

2 Sample Average Approximation+ML

Is this process optimal for all criteria?

30



Current Research

Reconstruct the solution u

With observation of f: {x;, f(x;) } diin 1dea

Change solving the model to
solving a minimization problem

Control and MFG
J\ Vu(x)|* = 2u(x)f(x)dx J(Au — )?dx

Auction sub-optimal optimal

[Lu-Chen-Lu-Ying-Blanchet ICLR22]
Direct Sample Average Approximation Is not
optimal for all criteria. -

.+ Minimax Lower Bound+“Fast rate generalization bound” "




Current Research

Reconstruct the solution u

With observation of f: {x;, f(x;) } diin 1dea

Change solving the model to
solving a minimization problem

Control4aDRM discretized

[\ Vu(x)|* = 2u(x)f(x)dx J(Au — )?dx

Auction |But not A sub-optimal optimal

[Lu-Chen-Lu-Ying-Blanchet ICLR22]
Direct Sample Average Approximation Is not
optimal for all criteria.

»  Minimax Lower Bound+“Fast rate generalization bound” &




Current Research

Reconstruct the solution u
With observation of f: {x;, f(x;) } diin 1dea

Vlethodology Change solving the model to

‘Han-Jdentzen-E 18] [Yu-E 18] [Raissi-Perdikaris- | Y |

Karniadakis 19] [Sirignano-Spiliopoulos 18] solving a minimization problem

Chen-Hosseini-Owhadi-Stuart 21] [Zang-Bao-Ye-

/hou 20]...

Control and MFG

[Guo-Hu-Xu-Zhang 19][Wang- J\ Vu(x) \2 — 2u(x)f(x)dx J(Au — )?dx

Zariphopoulou-Zhou 21][Dai-Gluzman 22]

Auction “implicit Sobolev acceleration” Faster

| Duetting-Feng-Narasimhan-Parkes- . . .

Ravindranath 19] [Rahme-Jelassi-Matt [Lu.—B.anc.:het—Ymg Neur|p822] analysis the
optimization dynamic.

Weinberg 21]
Using sobolev norm as 10ss function

can accelerate optimization
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Current Research

Reconstruct the solution u

With observation of f: {x;, f(x;) } diin 1dea

Change solving the model to
solving a minimization problem

Control and MFG .

J'\ Vu(x) \2 — 2u(x)f(x)dx (Al — f)*dx

J

Auction

Pre-ml| Experience:
Double the condition =,
number T SR B\

84



Current Research

Reconstruct the solution u

With observation of f: {x;, f(x;) } diin 1dea

Change solving the model to
solving a minimization problem

Control and MFG
[\ Vu(x)|* = 2u(x)f(x)dx J(Au — )?dx

Auction f= < 0. Kx>

“Differential operator preconditions the keme\m
Integral operator” CD)

89



Research Overview yplu@stanford.edu

Au=f

Recover parameter @ in
Model A

Reconstruct u with
observation of f: {x;, f(x,)}

L earn the model A from
data pair {u,, [}

Interaction between model and data

Rough Experiment Model Uncertainty
Modeling Design Learning Quantification
Consistency Computation Convergence rate —

Low
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©
(4]
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Optimal Algorithm

What is the OPTIMAL machine learning algorithm?

Qutput space

reduce the bias while
kontrol the variance
Projection to certain basis in output space

L 8
v

—
Low frequency — high frequency

CrLx (éKK + 7‘1('K)1) : '

Ridge regression

Low frequency — high frequency
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Optimal Algorithm

What is the OPTIMAL machine learning algorithm?

Qutput space

reduce the bias while X
\\:cntrol the variance Am1 =

D R e

CrLx (éKK + }‘z('K)I ) : :

3idge regression

Projection to certain pa# s\pUt space

Low frequency — high frequency
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Optimal Algorithm

What is the OPTIMAL machine learning algorithm?

Qutput space

reduce the bias while
\\:ontrol the variance

—nsemble different levels

Low frequency — high frequency

—

D R S
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Algorithmic Literature Overview

Approxime l1or .
to the nonl nea: .

ou(x, t) , |
ﬁ/ Do 7 ﬂ Ey — F(u, qu, qu, cee)
Convolutional kernel

function

nternational Conference on Machine Learning.

Long Z, Lu Y, Ma X, et al. Pde-net: Learning pdes from data

ML

1

-INite-difference”
u,=u*[—1,1]

Neural Network

/ F(x, y, Doou, Dygu,... ... ) U= Dyu+ét -F(x, y;, Dyou, Do 4, ... ...)
Definition 2.1 (Order of Sum Rules). For a filter q, we say

q to have sum rules of order oo = (a1, ai3), where o € Zi,
provided that
> Kqlk] =0 (2)
k€Z?

for all B = (B1, B2) € Z3 with |B| :== 1 + B2 < |a| and
for all B € Z7 with |B| = |a| but B # o. If (2) holds for

R, 2018: 3208-32106.
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Open Problems: Nonlinear-Operator-Learning
Standard non-parametric rate: 1@z ’
‘dimension” &

the k-nearest-neighbour estimator (Kudraszow & Vieu, 2013). The development of functional
nonparametric regression has been hindered by a theoretical barrier, which 1s formulated in Mas
(2012) and linked to the small ball probability problem (Delaigle & Hall, 2010). Essentially, in a
rather general setting, the minimax rate of nonparametric regression on a generic functional space
is slower than any polynomial of the sample size, which differs markedly from the polynomial
minimax rates for many functional parametric regression procedures, see, e.g., Hall & Keilegom
(2007), and Yuan & Cai (2010) for functional linear regression. These endeavours 1n functional
nonparametric regression do not exploit the intrinsic structure that 1s common 1n practice. For
instance, Chen & Miiller (2012) suggested that functional data often have a low-dimensional
manifold structure which can be utilized for more efficient representation. In this article, we
exploit the nonlinear low-dimensional structure for functional nonparametric regression.

Learnability of convolutional neural networks for infinite dimensional
input via mixed and anisotropic smoothness @

Sho Okumoto, Taiji Suzuki
28 Sept 2021 (modified: 15 Mar 2022) ICLR 2022 Spotlight  Readers: (& Everyone Show Bibtex  Show Revisions
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A Non-Parametric Statistical Framework

Au+u=f [HONi{elNi@M An estimation of u

.I.d samples

Random samples {{ . f(x;) + noise) }'_,

Alm The best estimator

Evaluation in Sobolev. norm

: ~ | , : n B
Uniformly good on all Sobolev functions Estimator
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A Non-Parametric Statistical Framework

Theorem (informal)

Minimax lower bound for t-order linear elliptic PDE:

Evaluation in Sobolev norm

. : (a—p)
infmax B oo noisey IHU 06 f00) +n0IS@) VL)) = ullyy 2 n™as s
JEH Order of the PDE

04

Very similar to nonparametric rate n d+2«a
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A Non-Parametric Statistical Framework

Theorem (informal)

Minimax lower bound for t-order linear elliptic PDE:

1ntf max
H feH”

Evaluation in Sobolev norm
(a—p)

_{(xl-,f(xi)+ﬂ0i86)};fl:lHH({(xbf(xi) +NoiIse) Y. ,) — ul|y 2 n” T

Order of the PDE

Empirical process/fast rate generalization bound

's PINN and DRM statistical optimal?? Artifact of analysis?

NN ansatz? Objective?



Is Deep Ritz Optimal? A Fourier View

Au=f
Solving Au + u = from random samples {(x;, f(x;) + noise)}'_,

Naive way to do this?

Naive Estimator f = Z ff ¢, where ff = Zf (X)) (x;)

2| <S ! .
Then u=A"f= ), ——Fi¢. Fourier Basis &
|z|<S ‘Z‘ + 1

Naive Estimator is Optimal ~ with proper selection of §




Is Deep Ritz Optimal? A Fourier View

Au = |
Solving Au + u = from random samples {(x;, f(x;) + noise) }_,

How Is naive estimator

Naive Estimator f = Z ]?f ¢, where ff — Z f(x) . (x;) different from DRM?
?

1z|<S Q?
Then u =A"'f= Z qub | e
z]<S ‘Z‘ + 1

DRM Estimator ii = Z it ¢, and plug in

1z]<S

2

Y (Vo + )| — Y alfh

1z|<S 1z|<S

1
0t = ar minJ—
5 af ) 2




Is Deep Ritz Optimal? A Fourier View

Au = |
Solving Au + u = from random samples {(x;, f(x;) + noise) }_,

z]<S
Then u =A"'f = Z Pl Mﬁ F; — (A)_lle
z|<S

- (2 Vp(x,) Vqsk(x,.)) +
DRM Estimator ii = Z it ¢, and plug in '

10 ) ( 2 & <x>¢k<x>>
1

~F ~F JF K
> 2 MV +)| - ) af Introduce further varignge,

|z|<S 1z|<S

0" = arg minJ
~F

u




Is Deep Ritz Optimal? A Fourier View

Au = |
Solving Au + u = from random samples {(x;, f(x;) + noise) }_,

DRM discretized

Naive Estimator f = ) ffgbz where f¥ = )" f(x)¢.(x) V.V
|z|<S
Then u=A"f= ) fF¢
2| <S ‘Z‘ + 1 » Integration by parts

=’ |Nncrease the monte-

. A AF : :
DRM Estimator i = ) ¢, and plug r carlo variance.

1z]<S

2

Y (Vo + )| — Y alfh

1z|<S 1z|<S

1
ﬁF=M‘mmJ—
gaF 2




Results in One Table...

Boundary condition?

Upper Bounds Lower Bound
Objective Function | Neural Network | Fourier Basis
_ 25—2 25—2 25—2
Deep Ritz n d+2s-2 log n N~ d+2s-2 n_ dt2s—4
- _ 25s—2 25—2 25—2
Modified Deep Ritz | n 4252 log n N~ dt2s—4 n_dt2s—4
25—4 2s—14 2s—4
PINN n-d+2s—4 log . n d+2s-3 N di2s—4
|
Still open

o= |
PINN ¢/ DRM




DRM or PINN

Which one optimizes

faster?
?
Q. o
@

DRM min | | Vu|* — 2uf

Pre-ml Experience:
Double the condition

PINN min |'Azs — f]|? S mber




DRM or PINN

Which one optimizes
faster?

DRM min | | Vu|* — 2uf

Pre-ml Experience:
Double the condition

PINN min |'Azs — f]|? S mber

(a) Kernel (b) Neural Network _
1.0 - , 05 - —— Deep Ritz Methods —— Deep Ritz Methods
! —— [, Loss | —— [> Loss 1014 | PINN : PINN
1 ] Y, J
: H1 Loss H, Loss - o
I 0.4 4 , O O 107
] ' Optimal Early Stopping Time ' ' - -
0.8 E P y pping E 1 1072 1 AT
%) ! %) ! Q Q
2 | 3 03 : > >
— | — | = o 10775
O 0.6 A : (@)) : (_U 10-3 ('_U
= i <5 e < S
(V)] I 7)) 1
Q | ) I
- I = I 4 1073 7
0.4 | 01 ! 107 5 ]
: . : T T T T T T L T T T T T T
I : 0 100 200 300 400 500 0 200 400 600 800 1000
| | . N
| 00 o Iteration lteration
0.2 ¢ ' !
| | o o
5 100 200 300 400 500 600 5 230 500 750 1000 1250 1500 1750 2000 f — SlIl(Z]Z'x) f — Sln(471'x)
Gradient Descent lterations Gradient Descent lterations

Sobolev Training Solving Au = f




A Kernelized Model

Machine learning is a kernelized dynamic.
¢ Differential Operator can cancel Kernel Integral Op

Let's consider Au = f via minimizing 3 (f, A1) — (u, Axf)
Deep Ritz Methods. A; = A, Ay, = 1Id f= <6’, Kx>
PINN. A; =A% A, = A

Gradient Descent = db, = Z <6’, A 1Kx,.,-> K, —~fid,K,

l




Ou I ReSU It | understand your idea,

but what’s your thm?

" ?
Theorem (Informal) "-

1. The information theoretical lower bound Iin the kernel
space matches the lower bound for learning PDE.

2. Gradient Descent with proper early stopping time
selection can achieve optimal statistical rate

3. The proper early stopping time is smaller for PINN than
DRM




