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Outline
� Physiology 

of sleep
(including some current 
controversies) 

� Math of sleep (?!?): 





Why do we sleep? 
� All animals sleep; ants, jellyfish, mammals, …
� Sleep/circadian rhythm can be identified in 

individual cells
� From an evolutionary perspective, there is a need 

to save energy and a circadian rhythm makes 
sense

� However, it is hard to explain why we become 
unconscious during sleep – it is an obvious 
disadvantage from an evolutionary perspective

� Sleep is absolutely required. We die without
� Creative solutions like sleeping with half of the 

brain is common in nature 
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All kinds of brain diseases relates to sleeping disorders 



The glymphatic system is hyperactive during 
sleep because the extracellular volume 
increases 

3 kDa Texas Red Dextran typically penetrated 100-200 μm in about 20 minutes

Xie, Lulu, et al. "Sleep drives metabolite clearance from the adult brain." 
Science 2013.    (mouse study)

Extracellular volume fraction is 21% during sleep and 14% while awake



Basic facts, questions about the 
brain’s metabolism: 

� The brain occupies 1-2% of the 
body in volume / weight

� The brain consumes around 10-
20% of the body's energy, oxygen

� Elsewhere in the body, the 
lymphatic system plays a central 
role in the disposal of waste

� The lymphatic system drains from 
the extra-cellular matrix

� The brain does not have a 
lymph system 

� This observations begs the question: 
how does the brain clear waste 
without lymphs?

� Comment: The brain is special 
because it is bathed in water 
(cerebrospinal fluid). Is this a part of 
an accelerated “lymph” system?



Glymphatic system: the garbage truck of the brain

The new pathway:  3 components
- 1. the perivascular space that surrounds the arteries/arterioles are 
connected with the CSF that surrounds the brain. This space facilitate
a bulk flow (viscous flow). 

- 2. the hydrostatic pressure gradient between the arterial and venous 
sites facilitate a bulk flow through the interstitium (porous flow)

- 3. the waste is then removed on the venous site (viscous flow)

Nedergaard M. Garbage truck of the brain. Science. 2013



Sleep (micron-scale) 

Bojarskaite L, Vallet A, Bjørnstad DM, Gullestad Binder KM, Cunen C, Heuser K, Kuchta M,
Mardal KA, Enger R. Sleep cycle-dependent vascular dynamics in male mice and 
the predicted effects on perivascular cerebrospinal fluid flow and solute transport. 
Nature communications. 2023 
Scales: vessel diameter (red) 10 microns, pulsations last 10s (heart beat in mice 1/10 s)
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Data is dense in time, 
sparse in space



Application of artificial intelligence 
velocimetry (AIV)

Boster KA, Cai S, Ladrón-de-Guevara A, Sun J, Zheng X, Du T, Thomas JH, 
Nedergaard M, Karniadakis GE, Kelley DH. Artificial intelligence velocimetry
reveals in vivo flow rates, pressure gradients, and shear stresses in murine
perivascular flows. PNAS 2023



Intrathecal MR-contrast 

Ringstad, Geir, et al. 
"Brain-wide glymphatic 
enhancement and clearance
in humans assessed with MRI."
JCI insight 3.13 (2018).

Average in vivo width of extracellular space has been reported to be  between 38 and 64 nm (31). In ref. 17, the timescale of the relative diffusive
tracer distribution (C) is estimated as follows: C = erfc(x/(2 × √(D × t)). Using  this formula, assuming a diffusivity of D = 12 × 10–7 cm2/s, with x and
the corresponding to the length in cm and time in seconds, respectively, a 50% saturation of the extracellular space can be estimated to occur
at around 55 hours. The assumptions underlying this formula are, however, that the length scale is such that the cortex can be
considered flat and the tracer distribution uniform. These assumptions are not valid in our case, but it seems unlikely that
diffusion alone explains the brain-wide distribution.

https://www.ncbi.nlm.nih.gov/pmc/articles/PMC6124518/
https://www.ncbi.nlm.nih.gov/pmc/articles/PMC6124518/


Mesh construction etc



Data is sparse in time, dense in 
space (with noise) 

Images taken at 0, 2, 6, 24, 48, 72 hours 
We are supposed to figure out what is going on in between 



Comparison volunteer vs Parkinson 
vs simulation (extra-cellular 
diffusion) 

Simulations: Jørgen Riseth



Motivation for mathematical 
modeling, learning 

� Data dense in one way, sparse in another
� Simulations do not match the data – part of 

the model is unknown
� Long range / non-local / multi-compartment 

approaches needed? 
� New protocol; gMRI - lots of data, more 

data than typically available 

gMRI description: 
Ringstad G, Valnes LM, Dale AM, Pripp AH, Vatnehol SA, Emblem KE, Mardal KA, Eide PK.
Brain-wide glymphatic enhancement and clearance in humans assessed with MRI. 
JCI insight. 2018



Sparse data is common: example 
hydrology



Jarle Sogn, Miroslav Kuchta, Bastian Zapf
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Zapf B, Haubner J, Kuchta M, Ringstad G, Eide PK, Mardal KA. 
Investigating molecular transport in the human brain from 
MRI with physics-informed neural networks. Scientific Reports. 2022

Parameter estimation finite elements vs neural network



Parameter estimation finite elements vs neural network



Parameter estimation finite elements vs neural network

Similar performance (?). NN twice as fast as FEM, but run on GPUs
FEM perhaps more predictable, requires less tuning (as of now)



Meshing the brain, its subdomains 
etc

- New book (feb 2022)
Mathematical modeling of the human brain ---
From magnetic resonance images to finite
element simulation
Mardal, Rognes, Thompson and Valnes 

8 hours – Amyloid beta
Reaches 5 mm 



Biot-Stokes modeling of the fluid 
structure interaction between CSF 
and brain

Boon WM, Hornkjøl M, 
Kuchta M, Mardal KA, Ruiz-
Baier R. Parameter-robust 
methods for the Biot–
Stokes interfacial coupling
without Lagrange 
multipliers. Journal of
Computational Physics. 
2022



Sleep is restorative
� Sleep is that golden chain that ties health and our

bodies together.” – Thomas Dekker
� I love sleep; it’s my favorite.” – Kanye West
� ”Happiness consists of getting enough sleep. Just 

that, nothing more.” — Robert A. Heinlein
� ”The best bridge between despair and hope is a 

good night’s sleep.” – E. Joseph Cossman
� ”It is a common experience that a problem 

difficult at night is resolved in the morning after
the committee of sleep has worked on it.” —
John Steinbeck

https://everydaypower.com/kanye-west-quotes/


Conclusion  
� Alzheimer´s disease and the glymphatic system are in 

need of new modeling – fluid dynamics, porous media, 
solid mechanics 

� Inverse modeling with partial observations benefit from 
higher regularity --- justification of PINNs (?!?)
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