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Finite Expression Method (FEX)

Solving Problems with Mathematical Expressions
* Learning the solution of high-dimensional PDEs:

f: d O(1)

—

* Learning mathematical operators or governing equations:

1 o

 Others in the future



Overview of PDE Solvers

Mesh-based methods:

¥ Finite difference method, !inite element
method, etc.

¥ High accuracy with numerical convergence

¥ Curse of dimensionality In approximation:

O(1/e%) parameters




Overview of PDE Solvers

Mesh-free methods:

O Neural network-based methods
¥eg, (u) =f in"Q and (u) =g on"dQd
¥ A neural network @(x; 0*) is constructed to approximate the solution u via least squarditting
0* = arg m@in (0) := arg mein P(x; 0) — f(x) % + 4 Px;0) — g(x) %

or numerically
n m

0* = argmin (0) := arg minlI L P(x;0) — f(x;) 12 4 /1—! b p(x;; 0) — g(x) 12

0 0 n- m
i=1 =1

where > 0 is a hyperparameter



Overview of PDE Solvers

Neural network advantage

O No curse of dimensionality In approximation

O O(dz) parameters to achieve arbitrary accuracy, Shen, Y., Zhang,
arXiv:2107.02397, IMLR, 2022



https://arxiv.org/abs/2107.02397

Overview of PDE Solvers

Neural network challenges

O Neural network optimization

0% = arg m@in (0) := arg m@in P 0) —f(x) 5+4  Px;0)— g 3

or numerically
n m

0* = arg m@in (0) .= arg minlI L p(x; 0) — f(x,) gt /1—! L p(x; 0) — g(x) 12

0 n - m
i=1 =1

where > 0 is a hyper parameter

Cy
o Monte Carlo error——

n
O Non-convex optimization

O May require exponentially large number of iterations (E and Wojtowytsch, arXiv:2005.10815)



Question: How to obtain a numerical solver accurate Iin high dimensions?

ldea:
¥ Solutions with structures

¥ Machine learning to identify structures



Finite Expression Method (FEX)

Liang and Y. arXiv:2206.10121

Motivating Problem:

O Astructured high-dimensional Poisson equation

—QAu=f "forx Q, u=g"forx 0Q
d
with a solutionu(x) = 51 xl.2 of low complexity O(d), i.e.,O(d) operators in this expression
i=1
ldea:
O Find an explicit expression that approximates the solution of a PDE

O Function space with !inite expressions
¥ Mathematical expressions : a combination of symbols with rules to form a valid function, e.g.,sin(2x) + 5
¥ k-linite expression : a mathematical expression with at mostk operators

¥ Function space in FEX:  as the set ofs-linite expressions withss < k


https://arxiv.org/abs/2206.10121

Finite Expression Method (FEX)

Liang and Y. arXiv:2206.10121

Advantages: N o curse of dimensionality in approximation

Theorem (Liang and Y. 2022) Suppose the function space Is , generated with operators including
S XM "max {0,x ), Usin(x), and 2. Letp [ 1, 4+ o0). Forany f in the Holder

function class Z([O,l]d) and ¢ > 0, there exists a Kinite expression¢ in , such that

f=¢ ,=¢
if

2 I
k= (d“(logd+ log—)-).
£


https://arxiv.org/abs/2206.10121

Finite Expression Method (FEX)

Liang and Y. arXiv:2206.10121

Advantages:

¥ Lessen the curse of dimensionality in numerical computation for structured
problems

¥ To be proved numerically


https://arxiv.org/abs/2206.10121

Finite Expression Method

Least square based FEX
¥eg, @W=f in"Q and (u) =g on"0Q
¥ A mathematical expressionu™ to approximate the PDE solution via
u* =argmin (u) ;= arg min u—f%+/1 u—g %
u o u

¥ Or numerically
n m

u* =argmin  (u) :=argmin—, ! u(x;) —f(x;) gt A— b oulx) — g(x) 2

n: m
ook R = j=1

O Question: how to solve this combinatorial optimization problem?



Continuous Relaxation of FEX

Expression generation

Tree Expression
Sample ld
> Ly 2P0 | 1d |- . >
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O Binary Unary |

ag((ay exp(x) + 1) x (s sin(x) + FB2)) + B3




Finite Expression Method

L east square based FEX
¥eg, (1) =f in"Q and (u) =g on"0Q
¥ A mathematical expressionu™ to approximate the PDE solution via

u* = argmin (u) := arg min u—f%+/1 M‘é’%
U A U k

¥ Continuous relaxation with & probability distributions for selecting k operators

(PF,....P7)=arg min , p py[ ()]

P,,...P,
_ : ) 9
—argpmn}) | u—f 2+/1 u—g 3
1oL [

and gradient descent in the space of probability distributions

¥ Finally, u* (P*, ..., P¥)
k



Numerical Comparison

O NN method:

* Neural networks with a ReLU?-activation function
* ResNet with depth 7 and width 50

O FEX method:

* Depth 3 binary tree

* Binaryset ={+,—,X%X}

* Unaryset = {0,1,Id,( )% ( )°,( )* exp,sin,cos}



Poisson Equation

¥ Boundary value problem:
—Au=f "forx Q
u=g for'x 0Q

¥Q=[-1,11"

d

x?

1
~ | l
25

¥True solution u(x) =

¥ Stochastic optimization:

min  (#) :=min — Au(x) — f(x) %Z(Q) + 4 ux) — g(x) ]%Z(ag)

u u

with Monte Carlo discretization of high-dimensional integrals



Logarithm of relative L, error

Poisson Equation
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Nonlinear Schrodinger Equation

¥ Consider
—Au+uw+Vu=0 "forx Q
| d 4 sin’x;, cosx;
¥V(x) = _EGXP(E! cosxl-)+! ( o — y ) for x = (x;, ,x,)
i=1 i=1

¥Q=[-1,1]

| d
¥True solution u(x) = exp(g! cos(xj))/ 3

j=1

¥ Stochastic optimization:

. o 3 > 3

with Monte Carlo discretization of high-dimensional integrals



Nonlinear Schrodinger Equation
® GP ® NN ® FEX

i e g
<

e & ® @ @ o
{ ® s e

Logarithm of relative L> error

6 12 18 24 30 36 42 48
Dimension



* Learning the solution of high-dimensional PDEs:

f: d O(1)

—

* Learning mathematical operators or governing equations:

I o
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Problem Statement

A Concrete Example: 1D Burgers Equation

ou
O Given nonlinear operator F' : > ,e0.F(u) =—
O Unknown nonlinear operator G: - ,e.0.Gu)=—u u +vu_
O Assumption: a function u(x, 1) satidies
du
F(u) = G(u) = m =—u u +vu,

O Given discrete data observationsu(x;, z;-),i =1,...mj=1,...,n
O Goal: identify G with G # F

O Challenges : 1) non-uniqueness of5 (due to data!itting and discretization)

2) noisy data




Problem Statement

A Concrete Example: 1D Burgers Equation

O Goal:identify G(u) = —u u .+ vu,,
O WhatOs operatoiG after discretization?
G: ™5 m

¥A high-dimensional function

¥ Traditional parametrization methods: the curse
of dimensionality

¥ Neural network parametrization: no
Interpretability



Finite Expression Method (FEX)

Jiang, Wang, Y. arXiv:2305.08342

|dea:

O Find an explicit expression that approximates the unknown operator G

O Function space with !inite expressions

¥ k-linite expression : a mathematical expression with at mostk operators

0
e.g.,sin(2x) + Se* and SE(u)

¥ Function space:  as the set ofs-linite expressions withs < k



Finite Expression Method

Jiang, Wang, Y. arXiv:2305.08342

Least square based FEX

du
Ye.g., i Gu)=—u u +vu,

¥ A mathematical expressionG* to approximate the unknown operator via

G*=argmin (G):=argmin G(u) — u, %
G . G

¥ Or numerically
n m

G* =argmin (G):=argmin—, | !Gu)(x,1)— u(x,1)!"
G

G mn - -
K k j=1 i=1

O Continuous relaxation to solve this combinatorial optimization problem



Key Features of FEX

O No curse of dimensionality In approximation theory v.s. traditional methods
O Interpretable learning outcomes v.s. blackbox neural networks
O Higher accuracy V.S. existing symbolic regression tools

O A nonlinear approach to generate a large set of expressions froma small collection of operators
¥SINDy1: require a large manually designed dictionary

¥ PDE-Net’: only capable of polynomials of operators

¥ GP: Genetic programming with poor accuracy

¥ SPL’: Monte Carlo tree search with poor accuracy

1. Brunton, Proctor, Nathan, Discovering governing equations from data by sparse identification of nonlinear dynamical systems, PNAS, 2016
2. Long, Lu, Dong, PDE-Net 2.0: Learning PDEs from data with a numeric-symbolic hybrid deep network, Journal of Computational Physics 2019
3. Sun et al. Symbolic Physics Learner: Discovering governing equations via Monte Carlo tree search. ICLR 2023



Numerical Example 1:

2D Burgers equation with periodic boundary conditions on (x,y,#)  [0,27]* % [0,10]:

a_u:—ua_u—va_u+y(az_u+az_u)
ot Ox 0y Ox2  0Oy?
ov. Ov  Ov 0°v | 0°v
- Y Ve Tt

M(X, y,O) — MO(xa y)
V(.X, y,O) — VO(xa y)
v =0.1

PDE-Net 2.0  SINDy GP SPL FEX

Mean Absolute Error 1.086 x 1073 3.239 x 10! 4.973x 10! 2.1 x107! 2.021 x 104




Numerical Example 1:

Noise Robustness

Numerical Results of the Burger’s equation by PDE-Net with different levels of noise
Correct PDE C =0.001 C =0.006 C =0.01

— U, —1.00vuw, —1.0luu, —0.88uu,
—VUy, —1.00vw, —0.92vu, —0.80vu,
0.00u4 0.0003u,, 0.01uy,, 0.01u,,
0.051,, 0.0503u,,  0.02u,, 0.01u,,

Numerical Results of the Burger’s equation by FEX with different levels of noise
Correct PDE - =000 +:C:=0.005 . £ =.0.01

—UU, —1.00vuw, —1.006uuw, —1.025uu,
—VU,, —1.00vu,, —1.002vu,, —0.926vu,,
0.05u,, 0.0498u,., 0.0934u,, 0.0617u,,

0.051,, 0.0502u,, 0.0543u,, 0.0612u,,




Numerical Example 2:

PDE with varying coeflicients and periodic boundary conditions:
u(x,t) = a(uu, + vu,,, (x,t) [—38,8] x10,10],
u(x,0) = exp( — (x + 1))

1
a(t) =1+ —sint
(7) |

v =0.1



0.0-
—-0.2
-0.4-
—0.61
—0.8-
—1.0-
—1.2-

Numerical Example 2:
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Visualization of the recovery error of varying coeflicients




Numerical Example 5:

Johnson-Mehl-Avrami-Kolmogorov nonlinear equation:
y=1—exp(—kt"

Correct function y =1 — exp (—0.6¢?)

PDE-Net 2.0 y = 0.0538t + 0.5013¢% — 0.0888¢> + 0.0048t* — 0.0024
SINDy y = 0.6015¢2 — 0.2042t* + 0.0537t5

GP y = 0.994 — exp (—0.58t%)

SPL y = 0.5165t2

FEX y = 1.000 — exp (—0.6001¢%)



Finite Expression Method

Summary
O Curse of dimensionality in computation with !inite precision
¥ Addressed in theory for all continuous functions
¥ Lessened forstructured problems numerically
O Monte Carlo error
¥ Lessened forstructured problems numerically
O Challenging optimization
¥ Continuous relaxation for mix-integer optimization
¥ Randomized algorithms with multiple trials for non-convex optimization

¥ Good performance for structured problem numerically
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