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ABSTRACT

In many applications, it is desired to obtain extreme eigenvalues and eigenvectors of large Hermi-
tian matrices by efficient and compact algorithms. In particular, orthogonalization-free methods
are preferred for large-scale problems for finding eigenspaces of extreme eigenvalues without ex-
plicitly computing orthogonal vectors in each iteration. For the top p eigenvalues, the simplest
orthogonalization-free method is to find the best rank-p approximation to a positive semi-definite
Hermitian matrix by algorithms solving the unconstrained Burer-Monteiro formulation. We show
that the nonlinear conjugate gradient method for the unconstrained Burer-Monteiro formulation by
proving its equivalence to a Riemannian conjugate gradient method on a quotient manifold with a flat
metric, thus its global convergence to a stationary point can be proven. Numerical tests suggest that it
is efficient for computing the largest k eigenvalues for large-scale matrices if the largest k eigenvalues
are nearly distributed uniformly.

Keywords Hermitian matrices, extreme eigenvalues, orthogonalization free, conjugate gradient, Riemannian
optimization, quotient manifold

1 Introduction

1.1 The eigenvalue problem of Hermitian positive definite matrices

In this paper, we are interested in solving the eigenvalue problem for a Hermitian matrix B € C™*" to find its largest
p eigenvalues and the corresponding eigenvectors. For large enough u > 0, A := B + ul € C™"*™ is a positive
definite Hermitian matrix with the same extreme eigenspaces. Thus we focus only on Hermitian positive definite or
semi-definite matrices.

Extreme eigenvalue problems for Hermitian matrices naturally arise in many applications [[1} 12} 3| 4} 15, 6} [7]. For
example, many problems can be cast as a graph, for which the adjacency matrix and the graph Laplacian are real
symmetric thus Hermitian [8]. The extreme eigenvalues and eigenvectors of these matrices contain information about
the graph and the point cloud data such as diffusion maps [9]. Notice that the discussion in this paper also applies to the
smallest k eigenvalues for a positive definite Hermitian matrix B by considering either A = I — B with large enough
por A = B~ if an efficient implementation of linear system solver for Bx = b is available, i.e., the matrix-vector
multiplication B~'b can be efficiently implemented.

The extreme eigenvalue problem can be written as an optimization problem, with many different cost functions to
consider. The most well-known one is to minimize the multicolumn Rayleigh quotient

H;_iéléglxige f(@) :=tr ((z*z) " ta*Ax) . (1



If assuming the spectrum of *x is bounded by one and take the inverse of z*x as the first order approximation of the
Neumann series expansion, then as an approximation to multicolumn Rayleigh quotient, a popular method known as
orbital minimization method (OMM) is to minimize the cost function [[10]:

inimi o= tr (2] — 2*z)z* A
minimize f(z) := tr (2] - a*z)a" Az) | )

Another simple formulation is to consider optimization over the noncompact Stiefel manifold C}*? = {X € C"*P:
rank(X)=p}:

A . L l * 2
minimize f(x) = g llea” — Allp |
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where || - || ¢ is the matrix Frobenius norm. Various orthogonalization-free algorithms for solving both (2)) and (3) were
considered and compared numerically in [[L1].

1.2 The real inner product and Fréchet derivatives

In this paper, we mainly focus on the cost function (3)) and consider the nonlinear conjugate gradient (CG) methods
solving (3).

Since f(z) is real-valued and thus not holomorphic, f(x) does not have a complex derivative with respect to x € C"*P.
The linear spaces of complex matrices will therefore be regarded as vector spaces over R. For any real vector space
&, the inner product on £ is denoted by (.,.). For real matrices A, B € R™*?, the Hilbert-Schmidt inner product

is (A, B)gnx, = tr(ATB). Let R(A) and (B) represent the real and imaginary parts of a complex matrix A. For
A, B € C™*P_ the real inner product for the real vector space C"*? then equals

(A, B)gnrp = R(tr(A*B)), o

where * is the conjugate transpose. We emphasize that (@) is a real inner product, rather than the complex Hilbert—
Schmidt inner product. It is straightforward to verify that (d)) can be written as

(A, B)gruxn = tr(R(A)TR(B)) + tr(I(A)S(B)) = (R(A), R(B)goncn + (3(A), S(B)) g -

With the real inner product (@) for the real vector space C"*?, a Fréchet derivative for the real-valued function f(z)
can be defined as

Vi) = Vir@(®) +1V fo@ (z) € C"*P, 5)

where V fi(5)(7), V fa () (z) € R"*P are the gradient of the cost function f with respect to the real and imaginary

parts of z, respectively. In particular, for f(x) = || A(zx*) — b||% with a linear operator A, the Fréchet derivative ()
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becomes

Vf(x)=2A"(A(xz™) — b)x,
where A* is the adjoint operator of .A. See Appendix in [12] for details.

1.3 The conjugate gradient method solving the Burer-Monteiro formulation

Notice that C} *? is an open set in the Euclidean space C"*?, thus any line search method 1 = x}, + axny starting
with the iterate 2, € C}”? and a small enough step size o, will give 21 € CL ™. Therefore, any such line search

algorithm can be regarded as the same algorithm solving an unconstrained problem with a non-degenerate z; € C}*?:
e . 1 * 2
minimize  f(z) := g [lz2" — Allp . (6)

In the literature, the formulation @ is often called the Burer-Monteiro method for Hermitian positive semi-definite
(PSD) fixed rank p constraint, i.e., for minimizing || X — A||% where X is a Hermitian PSD matrix of rank p.

The nonlinear conjugate gradient method for (6)) can be written as
{$k+1 = Tk + agk, %
Me+1 = =V f(ar) + Benk = —2(za” — A)z + Bn,

where «; is the step size and S, is a nonlinear coefficient computed by various formulae. In this paper, we only consider
two variants for how to compute [j: one is the Polak—Ribiére CG method, and the other one is the Fletcher-Reeves CG
method for computing the conjugate direction [[13].



1.4 The main result: the convergence of Riemannian conjugate gradient method via quotient geometry

The CG method (7) for finding top p eigenvalues of Hermitian PSD matrix A has been considered in [[11]. In particular,
(7) does not require any orthogonalization operation in each iteration, and its performance is superior especially for
uniformly distributed eigenvalues in numerical tests.

The landscape of @) has been well studied in [[11} 114} 15, [16] and its local minimizers must also be global minimizers.
Theorem 2.1 in [11] implies that, if & € CZ™” satisfies V f(2) = 0 for f(x) = §[|za* — A||%, then & = UO where
O € CP*? js a unitary matrix, and U € C™*? has orthogonal columns as some eigenvectors of A. Furthermore, any
local minimum is a global minimum, i.e., any local minimizer of @ in C7*? has the form & = UO with columns of U
being eigenvectors of a Hermitian PSD matrix A corresponding to its top p eigenvectors.

However, the convergence of CG method (7)) for (6) has never been rigorously justified.

Notice that there is an ambiguity up to unitary matrices in both formulations (6) and (@), that is f(zO) = f(z) for any
O € O, where O,, are all p x p unitary matrices. To this end, mathematically it is proper to consider an equivalence
class for each z € C}*?:

[z] = {20 : YO € O,},

and a quotient set
CP*? /O, :={[x] : Yz € C}*P}.

The quotient set with a proper metric becomes a quotient manifold. It is not uncommon to abuse notation by letting
denote the equivalent class [z], and T denote one representation of this equivalent class. So we can instead consider the
optimization over the quotient manifold:

minimize h(z) == f(7) = L |77 — A% ®)

z€CL*P /0,

Following the recent progress in [12] for Riemannian optimization over Hermitian PSD fixed rank manifolds, we first
show that the simple unconstrained Burer-Monteiro CG method (7) is equivalent to a Riemannian CG method solving
(B) over the quotient manifold C}*?/ O,, with a flat metric and proper retraction and vector transport operators. Then
with existing Riemannian optimization convergence theory, we can establish the global convergence of the simple
algorithm (7) to a stationary point of (3).

1.5 Related work and contributions

To be more specific, we will show that both the Polak—Ribiére CG method and the Fletcher-Reeves CG method in
are equivalent to their Riemannian variants over the quotient manifold C%*?/ O,, with a simple flat metric.

Moreover, this equivalence allows us to establish the global convergence of the conventional Fletcher-Reeves CG
method (7) to a stationary point of (3), following the convergence of the Riemannian Fletcher-Reeves CG method in
[17]]. For the problem (6], it has been well known that local minima are also global minima [I4} 15} [T6} [TT], e.g., critical
points are either global minima or saddle points. Combined with the result that first-order methods almost always
avoid strict saddle points [18]], we obtain a justification of the global convergence of the conventional Fletcher-Reeves
CG method (7) to the global minimizer of (3). For the Polak-Ribiére CG method, the convergence is much harder to
establish, but its numerical performance is often superior.

In the literature, notable convergence results for orthogonalization-free methods include global convergence of perturbed
gradient descent for (6) in [13] and global convergence of TriOFM in [19].

The same CG algorithm (7)) was also considered in [[L1] for real symmetric matrices. Both our algorithm and convergence
proof also applies to the Hermitian matrices. We also verify the numerical performance of the discussed algorithms on
large matrices of the size millions by millions. In particular, our numerical tests for large matrices are consistent with
the observation in [[11] that the simple CG method (/) is superior for nearly uniformly distributed extreme eigenvalues.

1.6 Outline of this paper

We first review basic concepts and known results for Riemannian quotient manifolds C%*? /O, in Section 2| Then we
review the equivalence of the conventional CG method to the Riemannian CG method in Section[3] The convergence
proof of the Riemannian CG method is provided in Section[d] In Section[5] a coordinate Riemannian gradient descent
method is given. Section [6]includes numerical tests. Concluding remarks are given in Section 7}



2 Preliminaries: Riemannian Quotient Manifold C*? /O,

In this section, we briefly review some known results of the Riemannian geometry of C}*?/ O,, that will be used in this
paper. Any missing details can be found in [[12].

2.1 CI*?/0, as a quotient manifold

Define C;*? = {X € C™*P : rank(X) = p} and an equivalence relation on C}*? through the smooth Lie group
action of unitary matrices O, on the manifold C3™":

TP x O, C7

(z,0) - TO.
This action defines an equivalence relation on crer by setting T ~ T if there exists an O € O, such that T; = T20.
Hence we have constructed a quotient space C} ¥ /O, that removes this ambiguity. The set Ci*? is called the total
space of Ci*? /O,
Denote the natural projection as
m:C*P —» CI*P/0,
T x.

We denote the equivalence class containing ¥ as
7] =7 (z) = {zO|0 € O, } .

Following Corollary 21.6 and Theorem 21.10 of [20], CX*?/O, is a smooth manifold as stated in the following
theorem.

Theorem 2.1. The quotient space Ci”? /O, is a quotient manifold over R of dimension 2np — p* and has a unique
smooth structure such that the natural projection T is a smooth submersion.

2.2 Vertical space

The equivalence class [T] = 7~ (x) is an embedded submanifold of C} P ([21 Prop. 3.4.4]). The tangent space of [7]
at T is therefore a subspace of C"*? called the vertical space at T and is denoted by Vz. The following proposition
characterizes Vz.

Proposition 2.2. The vertical space at T € [T] = {TO|0 € O,}, which is the tangent space of |T] at T is
Vi = {2QIQF = —Q,Q € CP*P}.

2.3 Riemannian metric

A Riemannian metric g is a smoothly varying inner product defined on the tangent space. That is, gz(-, -) is an inner
product on TzC}*?. Once we choose a Riemannian metric g for C}*?, we can obtain the orthogonal complement

in TCY™? of Vz with respect to the metric. In other words, we choose the horizontal distribution as orthogonal
complement w.r.t. Riemannian metric, see [21}, Section 3.5.8]. This orthogonal complement to V; is called horizontal
space at T and is denoted by Hz. We thus have

THCY*P = Hy @ V5. ©)]
Once we have the horizontal space, there exists a unique vector (- € Hz that satisfies D 7(7)[¢;] = &, for each
&, € T,C*P/O,. This & is called the horizontal lift of &, at T.

In this paper, we consider the Riemannian metric on C%*? to be the canonical Euclidean inner product on C**? defined
by

gz(A,B) := (A, B)cnxp = R(tr(A*B)), VA, B e TzC}*P = C"*P. (10)
Proposition 2.3. Under metric g defined in (10), the horizontal space at T satisfies
Hz = {z€C™P:7%2=2"7}

= {f(f*f)*ls +ZT,K|S*=85,5e€CP*? K e (C(”*p)x”} .

4



2.4 Projections onto vertical space and horizontal space

Due to the direct sum property (9)), for our choices of Hy-, there exist projection operators for any z € Ty Cy P = C"*P
to Hy as

z=PY(2) + PH(A).
It is straightforward to verify the following formulae for projection operators PX‘,’ and P{’;‘.

Proposition 2.4. The orthogonal projections of any z € C"*P to Vi and Hz are
PY(2)=zQ, PH(z)=2-79Q,
where S is the skew-symmetric matrix that solves the Lyapunov equation
WTZT+TTU=T"2— 2"T.
Remark 2.5. The solution X to the Lyapunov equation X E + EX = Z for a Hermitian E is unique if E is Hermitian
positive-definite [22] Section 2.2]. Let E = UAU™ be the SVD, then the Lyapunov equation X E + EX = Z becomes
(U*XU) A+ A(U*XU) =U*ZU,

which gives the solution
(U"XU)i,; = (U ZU)i5/(Nii + Ajj)-

2.5 C{*?/0, as Riemannian quotient manifold

First, we show in the following lemma the relationship between the horizontal lifts of the quotient tangent vector &,
lifted at different representatives in [Z].

Lemma 2.6. Let 1) be a vector field on C: P /O, and let W be the horizontal lift of n. Then for each T € CL*?, we
have

Tzo = Nz0
forall O € O,,.

Proof. See [22| Prop. A.8] O

Recall from [21} Section 3.6.2] that if the expression gz (¢4, () does not depend on the choice of T € 7~ 1(%) for every
r € CY*P/O, and every &, (, € T,C:*?/0,, then

defines a Riemannian metric on the quotient manifold Ci** /O,,. By Lemma it is straightforward to verify that the
Riemannian metric on C}”* induces a Riemannian metric on C{ ™" /O,, defined as (TT). The quotient manifold
CY*? /O, endowed with a Riemannian metric defined in is called a Riemannian quotient manifold. By abuse of
notation, we use g for denoting Riemannian metrics on both total space C} ** and quotient space CL ™/ Op.

2.6 Riemannian gradient

The cost function of (6)) induces a cost function on C; ™ /O,

h:Cr*P/0, —» C
x> f(T). (12

That is, f = h o 7. Notice when we solve (3), we restrict f on the noncompact Stiefel manifold C%*”, which is a

submanifold of C"*?. Hence the Riemannian gradient of f on C}*” at T is the projection of the Fréchet gradient of f
on C"*P, denoted by V (), onto the tangent space TzCL*? = C"*P. Since V f is already in C"*?, the projection is
identity. That is,

grad f(7) = V(7). (13)



Remark 2.7. One can refer to 12} Appendix A] for more details about Fréchet derivative. A Fréchet gradient for any
real-valued function f(X) at X € C™*™ can be defined as

V(X) = V) (X) +iVfgx)(X) € C™ 7, (14)

where V f(x)(X), V fo(x)(X) € R™*" are the gradient of f with respect to the real and imaginary parts of X,

respectively. In particular, for the cost function considered in this paper f(Z) = %||Tz* — Al|%, the Fréchet gradient

(T4) becomes
V@) =2z — A)Z.

Now consider the Riemannian gradient of i at € C*? /O,,. grad h(z) is a tangent vector in T,,C%™? /O,, . The next
theorem shows that the horizontal lift of grad h(x) can be obtained from the Riemannian gradient of f.

Theorem 2.8. The horizontal lift of the Riemannian gradient of h at T is the Riemannian gradient of f at T. That is,
grad h(x), = grad f(T).

Therefore, although grad f(T) belongs in C™*P, it is automatically in Hz.
Proof. See [21), Section 3.6.2]. O

2.7 Retraction

The retraction on the quotient manifold C”* /O,, can be defined using the retraction on the total space Ci *”. Let
Y € CY*P, forany Z € C™*P and a step size 7 > 0,

Ry (12):=Y +71Z,

is a retraction on CY*Pif Y 4 7Z remains full rank, which is ensured for small enough 7. Then Lemmaindicates
that R satisfies the conditions of [21) Prop. 4.1.3], which implies that

Ry (mn.) = 7(Rz(773)) = 7(T + 77]3) (15)

defines a retraction on the quotient manifold C}*? /O, for a small enough step size 7 > 0.

2.8 Vector transport

We use differentiated retraction as our vector transport [21, Section 8.1.4].

To (€)= D Ru(n)[&e] =

| Rl + o). (16)

t=0

Notice that

= D7 (Rz(7;)) [D Rz(7)[&]]

S .
= D@+ |5 x(nx+t§x)}
L t=0
[ d
= Dr(@+7g) | (:c+nx+t§z)}
L t=0

= Dr(@+7) [&]
= Dr(@+) [Py, (&)]-

Hence the horizontal lift of a transported vector is simply the projection of the original horizontal lift to the new
horizontal space, as shown in the following formula.

7—":]:17 (§$)§+ﬁf = P%.—Li-’ff (7?) (17)

@)}



3 The Conjugate Gradient Methods

We first recall the traditional conjugate gradient method for solving (6), which is summarized as Algorithm [T} We
present the abstract Riemannian conjugate gradient method for solving (8) over the quotient manifold as Algorithm 2]
with Wolfe conditions

h(Ry, (k) < h(wk) + crounge, (grad h(zk), mx), (18)

’ngk (akmk) (grad h(ka (aknk))’ D RlL’k (aknk) [Uk})‘ <2 |gwk (grad h‘(mk)’ 77k)| . (19)

O0<cr <ep <1

The abstract Algorithm 2] can be implemented as Algorithm 3] in which each tangent vector is treated as horizontal lift
and each iterate is a representative of its equivalence class, and it is independent of the choice of the representative of
the equivalent class.

Algorithm 1 (Polak—Ribiére or Fletcher-Reeves) Conjugate Gradient on C™*?

Require: initial iterate o € C™*?, tolerance ¢ > 0, initial descent direction as negative gradient 19 = —V f () =
—2(xoxl — A)xo
1: for k=0,1,2,... do
: Use backtracking to compute the step size o, > 0 satisfying the strong Wolfe conditions
3: Obtain the new iterate by

»

Th+1 = Tk + kMK

4: Compute the gradient
k1 1= Vf(Tp+1)

5: Check for convergence
if [|€x+1]| p < €, then break
6: Compute a conjugate direction by the Polak—Ribiére method or the Fletcher-Reeves method

Met1 = —Epr1 + Brr1mk

ax <0 (Vf(@p41), VI (@pt1) — Vf(fﬂk)))
’ (Vf(xr), V(xr))
(Vf(@r+1), VI(@g41))
(Vf(zr), VI(rg))

if using Polak—Ribiére
where ;11 =

if using Fletcher-Reeves.

7: end for

Algorithm 2 Riemannian Conjugate Gradient on the quotient manifold C} ¥ /O,, with metric g

Require: initial iterate 79 € C}*? /O,), tolerance £ > 0, tangent vector 7o = —grad ()
1: for k=0,1,2,... do
2: Compute the step size o, > 0 satisfying the strong Wolfe conditions (T8) and (T9)
3: Obtain the new iterate by retraction
Tpy1 = Ray (i)

4: Compute the gradient

k1 = grad h(zp41)
5: Check for convergence

if [|€kr1ll == \/Gzrsr (Ert1,Eps1) < € then break
6: Compute a conjugate direction by the Polak—Ribiére (PR ;) method or the Fletcher-Reeves (FR) method, and

vector transport

M1 = —Ekt1 + Brrr Town, (k)
max (07 Gzpqn (gradh(xk+1), grad h(xk+1) - 7:3%% (fk))) PR+
9, (grad h(zy), grad h(zy))
9zji1 (grad h(xk-‘rl)vgrad h(Ik+1))
a,, (grad h(xy), grad h(zy))

where (41 =

FR

7: end for




Algorithm 3 Implementation for Riemannian Conjugate Gradient on the quotient manifold C%*? /O, with metric g

Require: initial iterate Ty € C}*”, tolerance ¢ > 0, initial descent direction as 7j, = —grad f(To) = —2(ToZj — A)To
1: for k=0,1,2,... do
2: Compute the step size oy, > 0 satisfying the strong Wolfe conditions
3: Obtain the new iterate by retraction

Try1 = Rz, (axT)y) = Tk + gy,

4: Compute the horizontal lift of gradient
Erpr = grad f(Tr11) = 2(Tp1 7511 — A) T

5: Check for convergence
if €41 || = \/gfkﬂ (€41 €k+1) < €, then break
6: Compute a conjugate direction by PR or by FR and vector transport

M1 = _gk+1 + ﬂk+17:1k77k (Uk)

Th41

9Trs1 (grad f(@r41), grad f(Zr41) — Tayns (fk)5k+1)

max | 0, — — PR,
T d , grad
where B 1 = 9w, (grad f(Ty,), grad f (7))
9T 11 (grad f(fk+l)a grad f(fk-‘rl))
— — FR
9z, (grad f(Ty), grad f(Tr))
7: end for
The following results were first proven in [[12]. For completeness, we include a detailed proof.
Lemma 3.1. Let 1), be the descent direction generated by Algorithm 2] Then we have
Town )z, ,, = Pt s o, (k) = T (20)

Proof. The first equality follows from (7). Recall the projection formula given in proposition[2.4 Denote Ty, =
Ty, + oMy,. Then we have

H — — —
Pm+amk (M) =M. — T 1 - (21)
Hence in order to show ngc . (7,) = 7, it is equivalent to show the Lyapunov equation
UTh 1Tkt + T 1 T 1 = Ty My — M Tkl (22)

only has trivial solution 2, = 0 for all £ > 0.

The solution X to the Lyapunov equation X E+ E X = Z for a Hermitian E is unique if E is Hermitian positive-definite

(22 Section 2.2]. Thus (22) has a unique solution if Z 1 € C;””. Thus we only need to show the right-hand side of
the equation is zero. We prove this by induction.

When k = 0, the right hand side of 22 is
T —MoTr = (To + o) T — Mo (To + o7)
= To7 — Moo
= =27;(ToTh — A)To + 275 (ToZg — A™)To
0.
Now suppose ;7 _; — 7,_,Zx = 0 and hence P2 (77, ;) =7, _;. Then
Tppalle = MeThrr = (Tk + ally) Ty — Mk (T + aily)
= Ty — Tk
= Ty (*fk + ﬂkpg,i (ﬁkfl)) - (*fk + 5szHk (ﬁkq)) Tk
= Ty (_Ek + 51@1@71) - (—Ek + ﬂkﬁkq) T,

= T + & Tk



=273 (T Ty, — A)Tk + 275, (TrTy, — A™) Tk
0.

Hence P%‘c+1 (7,) = 7, also holds and we have proved this lemma. O

‘We can now state our first main result:

Theorem 3.2. Algorithm[3)is equivalent to Algorithm[l| which is the conjugate gradient method solving (6)), in the
sense that they produce exactly the same iterates if started from the same initial point.

Proof. By (13), the gradients generated by Algorithm [I] and Algorithm [3] are the same. By Lemma [3.1] and the
equivalence between the Riemannian metric on CJ*” and the inner product on C"*?, we see that 3}, generated by these
two algorithms are also equivalent. Hence the conjugate directions are also the same. So the two algorithms generate
the same iterates. O

4 The Convergence of the Fletcher-Reeves Conjugate Gradient Method
In this section, we will prove that the Riemannian Fletcher-Reeves Conjugate Gradient method converges to a stationary
point thus Algorithm[I]also converges by the equivalence Theorem 3.2]

The discussion in this section follows the same lines as in standard convergence theory, e.g., [17]. The cost function and
vector transport considered in this paper satisfy the conditions for convergence analysis in [[17]. For completeness, we
include the full proof.

Letny, € Ty, C2™? /O, be a descent direction. Define the angle 6, between —grad h(xy) and ny, by

_ Gy, (gradh(xk)ank)
llgrad A(zk)|l,, 17|,

cos b = (23)

Let £L:={x € C}*?/0, : 0 < h(z) < h(zo)} and 7= (L) = {T € CL*P : 0 < f(T) < f(To)}. We can show that
7~ 1(L) is bounded.
Lemma 4.1. There is a constant C such that |Z||r < C, Yz € m~}(L).

Proof. Assume it is not true, then Vn € N, 3%, € 7~ 1(£) such that ||Z, ||z > n. Let y, = —=2—, then ||y, || r = 1

and Z,, = ||Z, || FYyn = anyn with a,, > n. Thus f(z,) = %Haiyny;; — Al|% — oo since a,, — oo and ||y, ||F = 1.
On the other hand, Z,, € m~*(L£) implies that f(Z,,) should be bounded, which is a contradiction. O

Lemma 4.2. The Riemannian gradient of f, i.e., grad f(T) = 2(Zx* — A)T is Lipschitz continuous on = (L). That
is, there exists a constant L > 0 such that

lgrad £(7) — grad f@)|p < LIG— 7y, forall,5€ (L), (24)
Proof. Tt suffices to show that ¢ :  + Zz*T is Lipschitz continuous on 7=1(£). Let Z,7 € 7~ !(L). Then
7l < C. 17l » < C'by Lemmai-3
la(@) —a@llp = 7277 - 37"yl p
[72°% — 22"y + TT°Y — Yl

< @@z — 27y p + [727Y — 95Vl

= 77T - 72| p + 777y — YT Y+ TV — 55 Yl

< FET 73| p + 177Y - 57 Y| e + 19777 — 9570l »

< @@z =9l + 17 =9l 17 2 17l + [Tl 17 =7 2 17 -
< 3C? [T -7llp

O

Theorem 4.3 (Zoutendijk’s theorem on manifold). Let 1y be a descent direction and let oy, satisfy the strong Wolfe
conditions (I8) and (19). Then for the cost function h defined in[I2] the following series converges.

20052 0% Hgmdh(xk)ﬂik < 00
k



Proof. From the strong Wolfe condition (T9) we have

(c2 = 1)ga,, (grad h(xy),me) < Gappy ((grad A(Ry, (o), D Ry, (axni) [Mk]) — ga,, (grad h(xy), ni)
Grr (@rad (@ + T, PRy o, (1)) = g, (grad f(T), )

= Gmy (grad f(Ty, + awlly), i) — g, (grad f(Tx), 75.) -

Notice that our Riemannian metric g is simply the inner product on the Euclidean space C™*?, hence

Jz1.4, (grad f(Tr, + axlly), M) — gz, (grad f(Tr), M) = (grad f(Tx + axly) — grad f(T), M) -

From Lemma[.2] we know

(grad f (T, + ouTly,) — grad f(T3), ) < L |[Tel[% -

Hence for any k£ we have
o (2 = 1)ga, (grad h(zy), ne)

2
Llmle

Now it follows from (T8) and (26)) that

0 < h(zp1) < h(zk) + c1okgs, (grad A(zy), nx)
< nle) — W o2 Jeraan(a) P,
c1(1 =) ul 9 2
< h(zmg) — —1 Zcos 0, ngadh(xj)ij .

j=0
Hence

Z cos? Oy, ||grad h(zy)|
k=0

2
< —h < 0.
‘zk = 81(1 —Cg) (xO) 0

(25)

(26)

27)

O

Lemma 4.4. If using Fletcher-Reeves method in Algorithm then for 0 < ¢y < co < 1/2, the search direction ny is a

descent direction satisfying
1 < 9y, (grad h(xg), k) < 2c9 — 1
1—co ™ | grad h(zy)

2
[
Proof. We prove it by induction on k.

When & = 0, (28) holds since

9o (grad h(zo), no) _ 9o (grad h(zg), —grad h(zg)) _
lerad h(xo)]|, lgrad h(zo)|2,

Now suppose (28) holds for some & > 0.

Recall that we use differentiated retraction as our vector transport:

Tawn. (M) = D Re, (i) 1]
And the B in Fletcher-Reeves method is defined as

ﬁk L= Jzpia (gradh(karl)vgrad h(karl))
T gu (grad hlwy), grad h(a))
Hence the middle term in 28) for & + 1 is

Gryrr (grad (1), Mht1) _ Yo (grad h(wp1), —grad h(zg11) + Brt1 Tagn, (k)
lgrad h(zps1)]|2 |grad h(zps1)]]2

Tr+1 Tk+1

10
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_ Yoy (@rad h(zpyn), —grad A(zpi1) + Br1D Ray (ki) 1))
lgrad h(zx11)]2,

Jrpqa (grad h(xk:+1))7 D RZL’k (aknk) [771@}) )

= 1+ - (29)
lgrad A (k)|
From the strong Wolfe condition (T9) we have
C29a, (grad h(wk), Mk) < Gayy, (grad A(wpq1), D Roy (armi) [Me]) < —C2ge, (grad h(zy), mr)- (30)
Hence from 29) and (30) we have
c Gy, (grad h(xk)a 77k) < zpia (grad h(mk+1)v nk+1) < —1—cy Yy, (grad h(xk)v 77k-)
leradh(zi)lZ,  ~  leadh(ze)l;,,, lgrad h(zi) 7,
And the result (28) follows from the induction hypothesis.
O

Theorem 4.5. For cost function h in (I2)), the Algorithm [2lwith Fletcher-Reeves method generates iterates xy, such that
liminf ||grad h(xy)]||,, = 0. 31
k—o0 Tk

Proof. If grad h(xy,) = 0 for some k = ko. Then grad h(xy) = 0 for all & > k.

So we consider grad h(zy) # 0 for all k. We shall prove (31) by contradiction. Suppose (31)) does not hold. Then there
exists a constant ¢ > 0 such that

lgrad h(zk)|l,, > ¢>0, VEk=>O0. (32)

X

From (23)) and (28) we have

1 — 2¢, llgrad h(z) |,

cos 0y > (33)
L—cz mwlly,
It follows by Theorem [4.3]that the following series converges.
> ||grad h(zy)||*
Z ”g (2k)||zk (34)
For k > 1, the strong Wolfe condition (T9)) and (28) gives rise to
‘gafk (gradh(xk)>nk—lnk—l(nkfl))‘ < —Cofmy (gradh('xk*ﬁvnk*l) (35)
c
< ?QCQ |grad A(z-1)]2, - (36)
. . 2
Hence we have the following recurrence equation for |7 ||}, -
2 2
||77kak = H—grad h(xk) + 61€7:¥k7171k71(nk—1)ka
2 2
< ngadh(mk)l‘zk + 25’6 |g€1?1c (grad h(xk)a’rozk—mkq(nk*l)” + 61% HTak—mk_l(nkfl)ka
202 2
< lleradh(e)llz, + 7= Ae llerad hl@en) 7, + BE [ Tarimes (-0,
2 2¢o 2 2
= ngadh(xk)H;pk + 1 —cy ||gradh($k)||a:,c + B%} H%k—lnk—l(nk—l)ka
1+co 2 2
= 1— ¢ ngadh<x7€)”mk + 613 an—lﬁkfl(nkfl)uzk . (37)

Recall that we use differentiated retraction as our vector transport:

Tevk vy (Me—1) =D Ray_ (g—1mp—1)[—1] = D7(Th—1 + ag—17p—1) [P%,ﬁak,lm,l(ﬁkq) :
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Hence
1o imes eI, = on (T iy 1) Ty (111))

= =z (Ek—lﬁk—l(nk—l)fk?Ek—l”]k—l(n’f—l)jk)
H H =
= <ka 1ok 17, _ 1(nk71)7PEk_1+ak_1ﬁk71(nk71)>

= 97 (ﬁkflvﬁkfl)

2
= ||’rlk7_1H£Ek71

Hence (37) becomes the following recurrence formula for |7 ||2

1+
Ikl < T (@o)ll2, + B llme-1ll%, - (38)

By recursively using (37) and recall the definition of 5y, in Fletcher-Reeves method we obtain

1+ec
Il < = 2 (Ilgradh(xk)H + B} lerad h(wi—1)|2, | + -+ BEBE_ ... B IIgradh(xl)IIil)
+5k5k 1---50 H’?OHmO
1+ec _
= T =2 IIgradh(xk)II (IIgradh(xk)l + |lgrad A(zp) ;2 -+||gradh(xk)llzf)
+ ||grad h(@)|;, llgrad h(wo)|,2
k
1+c _
< 1T Cz lgrad A(ze)|l;, > llgrad h(zj)lle
j=0
1+ec k+1
< 1—02 lgrad h(a)]l;, = (39)

where we have used the contradiction assumption (32)) in the last inequality. (39) results in the divergence of the
following series.

> ||gradh<xk>ui

> Z (40)
im0 lmellz, 1+02 k+1
This contradicts to (34) and hence we have completed the proof. O

In general, it is more difficult to prove the convergence of the Riemannian PR CG method. It is possible to extend the
convergence proof of PR, CG method in [23]] to Riemannian PR, CG method, but it is beyond the scope of this paper.

5 Coordinate Riemannian Gradient Descent (CRGD)

The coordinate descent method is favored to solve large-scale problems where the full gradient can get too large to even
store. We can generalize the coordinate gradient descent method in [16]] to the manifold setting of cyrr /Op. In [24],
a method called the tangent subspace descent method was proposed. This method generalized the block coordinate
descent method to manifold settings. Instead of updating the full gradient at each iteration, the tangent direction in each
update is a projected vector of the full gradient grad h(zy) to a subspace of the tangent space T, C} ¥ /O,, by some

selection rule denoted by P. In the setting of C%*? /0, this method can be written as Algorithm
Since the horizontal lift of grad h(xy) is a n-by-p matrix, we choose the subspace selection rule simply by cyclically
selecting the N-column block of the n-by-p matrix grad f(Zx). Let M} denote the mask that evaluates the k-th
N-column block of a n-by-p matrix cyclically. That is, if Z is a n-by-p matrix, then

My(Z) = Zpn1:(k+1)N,:

where Zj 1 1:(k+1)n,: denotes the N-by-p matrix that takes the (kN 4 1)-th to (k + 1) N-th columns of Z. And the
index that exceeds the matrix range is understood as modulo by the matrix size, namely, cyclically. Then our update to
Ty, is written through the following

Try1 = Ra, (aMy(grad f(T4))),

12



where « is a constant step size.

To take the advantage of CRGD to solve large-scaled problems, one should implement it through compact implementa-

tion. That is, each update should only depend on the block size /N and should be independent of the problem size n.

In the case of eigenvalue problem, f(Z) = 1 ||[zz* — A||§7 If we assume that A is a sparse matrix such that we can

achieve My (Av) in O(N), then we can indeed achieve a compact implementation of CRGD as in Algorithm

Algorithm 4 Coordinate Riemannian gradient descent on the quotient manifold C*” /O,, with metric g

Require: initial iterate oy € crer / O,, tolerance ¢ > 0, tangent vector {; = —grad h(xg), projection of & to a
subspace of tangent space: dg := Py(&p), stepsize o > 0.
1: for k=0,1,2,... do

2: Obtain the new iterate by retraction
Th+1 = Rzk (aék)
3: Compute the projection of &1 := —grad h(zy41) to a subspace of T, ., C"*? /O,
Ok+1 := Prr1(ks
4: Check for convergence
if |0k41] := \/Gazrrs (Okt1, 0k41) < &, then break
5: end for

Algorithm 5 Compact implementation for cyclic coordinate Riemannian gradient descent on the quotient manifold
CL*?/O,, with metric g

Require: initial iterate 7o € C}*?, 7, = —grad f(To) € C"*P, first N columns of 7j,: g = Mo (7)), a0 = o,
by = 850, co = 0300, stepsize a > 0, 59 = ag + abg + abf + ¢y, tolerance £ > 0.
1. for k=0,1,2,... do
2: Obtain the new iterate by retraction

Thy1 = Efk (Oégk) =T + Ozgk

3: Cyclically compute the next N columns of 7, ; = —grad f(Tj41)

Ok41 1= —2Mk+1(fk8k) — 204Mk+1(6k5k) + 2Mk+1(14§k) + 2aMy 41 (A(Sk)
4: Check for convergence

if |3 | = wml(gkﬂ,skﬂ) < ¢, then break
5: Compute and update ax41, bg+1, Cit1

= —k o*F =

Gkt+1 = G + QTR0 + ad, T + a0, 0k
—

brt1 = 0 1 Tht1

—*
Cr+1 = 5k+15k+1

6: Compute temporary variable s, € CP*P
Skl = ry1 + Qbpy1 + bl + a’cpp
7: end for

6 Numerical Experiments
In this section, we test the performance of the simple CG methods (7)) for (6) with large matrices A.

6.1 Real symmetric PSD matrices

We consider two types of matrices A. The first type is a 2D Laplacian matrix, which has a nearly uniform eigenvalue
gap for a few top eigenvalues. Consider the discretization of a 2D Poisson equation with homogeneous Dirichlet

boundary conditions on [0, 1] x [0, 1] using m-by-m interior grid points. Then the matrix representing the Laplacian
2

operator is a 2D Laplacian matrix A of size m2-by-m? given as
1 1
A= —KIL+ 1,0 —K, 41
N Ly +I;m ® Ay? (41)

13



where Az = Ay = L5 and K is a m-by-m tridiagonal matrix.

K = L (42)

The second type is constructed by eigenvalue decomposition A = VAV ~! where eigenvectors V' are given by discrete
cosine transform. We assign A so that the eigenvalues \; have four types of distribution of eigenvalues, similar to the
numerical experiments considered in [[11] but with a much larger matrix size:

1. (random) \; ~ [N(0,1)], where N(0, 1) is standard normal distribution.
2. (uniform) \; =1 — izl 1<i<nr.

__ 14 __ 10 __ 8 _ T _ 1
3. (U'Shape) )‘1 - E7>\2 - E,AS = TG,)\4 = E,)\s = 16,)\7; = 15

. 1+ |logs n | .
4. (logarithm) \; = i%, 1<i<r.

n

The comparison of simple CG methods (/) with the TriOFM method in [[19] for a 2D discrete Laplacian matrix is shown
in Figure [T}

The comparison is shown for randomly distributed eigenvalues in Figure [2] uniformly distributed eigenvalues in
Figure 3] U-shape distribution of eigenvalues in Figure [] and log distribution of eigenvalues in Figure [5] Notice
that the simple CG-PR method is much less efficient than the TriOFM method for the log distribution of eigenvalues.
However, this slowness is due to the eigenvalue gap between o, and o,,11. In Figure |§|, the top p eigenvalues with
p = 5 have a log distribution but the gap between o, and 0,1 is enlarged by shifting the top p eigenvalues from
the same matrix in Figure |5} and we observe that the simple CG-PR method is efficient in this scenario. In other
words, the matrix in Figure@@ has eigen values \; > Ay > --- > A, and the matrix in Figure |§| has eigenvalues
MFAFC2X+C2A+C 22X 2> 2 A,

10%@ ‘ ‘ ‘
z -5~ TriOFM-0bj2(OMM) -5 TriOFM-0bj2(OMM)
~+CG-PR ~+CG-PR

102 CG-FR

Relative Error

0.5 1 1.5 5000 10000 15000

2.5
lteration x10% CPU Time
(a) Relative error vs iteration (b) Relative error vs CPU time

Figure 1: Comparison for computing the top-10 eigenvalues of a 2D Laplacian matrix of size 10¢ x 106.
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§ &
10710 ‘ ‘ 10710 ‘
0 100 200 300 0 2 4 6 8 10
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(a) Relative error vs iteration

CPU Time
(b) Relative error vs CPU time

Figure 2: Comparison for computing the top-10-eigenvalue problem of a 10*-by-10* matrix with randomly distributed
eigenvalues.

100 ‘ ‘ 10° ; ;
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—+CG-PR

S S

L w o

(0] (0]

= =

s 5 10°

o o

0 ' 1000 2000 3000 4000 5000 0 50 | 100 150
lteration CPU Time

(a) Relative error vs iteration (b) Relative error vs CPU time

Figure 3: Comparison for computing the top-10-eigenvalue problem of a 10*-by-10* matrix with uniformly distributed
eigenvalues.
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Figure 5: Comparison for computing the top-5-eigenvalue problem of a 10*-by-10* matrix with logarithm distributed

eigenvalues.
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Figure 6: Comparison for computing the top-5-eigenvalue problem of a 10%-by-10* matrix with eigenvalues \; + C' >
M+C2>2XA4+C > X541 >+ > Ay, where C'= Ay and Ay > Ay > --- > ), has a log distribution.

6.2 Hermitian PSD matrices

It is shown in [12]] that Algorithm 2]can be used for finding the top eigenvalues of a Hermitian PSD matrix. We test
Algorithm 2 on [6]for a matrix A with eigenvectors defined by 2D Fast Fourier Transform. Namely, the linear operator
of applying A to a 2D array w is defined by

Au =if ft2(2. = f ft2(u)),
where .x denotes the entrywise product and X is a 2D array consisting of nonnegative eigenvalues of A.

The performance of the CG-PR method is shown in Figure [7 for four kinds of eigenvalue distributions in such a
Hermitian PSD matrix.

-©-logarithm

-©-logarithm
+ random , + random
_ uniform _ Boaay uniform
o —<-ushape o + —x-ushape
i L T
o o 5% B, %
= = 10 x * Wy
[©) Gi.‘“ O s * G@Q
o 0] 9@“@ o )\( J‘%F ® Q°~’
| + ®
( v + \
| ) + \
X
1 0—1 0 . . . 1 0-1 0 . . . .
0 100 200 300 400 0 200 400 600 800 1000
Iteration CPU Time

(a) Relative error vs iteration (b) Relative error vs CPU time

Figure 7: The CG-PR method for the top-10-eigenvalue problem with rank-1000 Hermitian matrices of 106-by-10°
with different distributions of eigenvalues.

6.3 Smallest eigenvalues

6.3.1 Inverse 2D Laplacian matrix

One technique to find the smallest eigenvalues of a given invertible matrix A is through the shift-and-inverse method.
That is, to find the largest eigenvalues of (A + uI)~!, where > 0 is a shift constant such that A + uI becomes
positive definite. We use this method to find the smallest eigenvalues of the 2D Laplacian matrix A as in {T).
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Notice that the top eigenvalues of A~! almost follow a logarithm distribution. Based on our observation, we can choose
 appropriately to make the top eigenvalues of (A + /) ~! have a uniform distribution to accelerate the convergence
of the CG method. Since we know the true eigenvalues of A, we shift it by choosing p to be the smallest desired

eigenvalue. That is, suppose the smallest r eigenvalues of A is 07 < g3 < -+ < 0,.. Then we choose p = 01. As
a result the top eigenvalues of (A + pI)~! would be Ul}ral > Uzigl > > aleral that almost follows a uniform

distribution. A fast matrix inversion is implemented by using the eigendecomposition of the matrix. The performance is
shown in Figure [8]and Figure 9]

10° ——— 105 ‘ — —
® o~ TriOFM-obj2(OMM) ® ~©-TriOFM-0bj2(OMM)
) ~+CG-PR %é —+CG-PR
N Y CG-PR-Shift o CG-PR-Shift
S 1000k £
L L
o o
= >
- &
[0} 5 [0}
c 10 o
1 0-1 0 . . 1 0-1 0 . . .
0 50 100 150 0 100 200 300 400
Iteration CPU Time
(a) Relative error vs iteration (b) Relative error vs CPU time

Figure 8: The shift-and-inverse method on the smallest-10-eigenvalue problem of a 10°-by-10° 2D-Laplacian matrix.
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s 10° | e s 1000 Seg
L H+++ %@ L 4 x Q
o R o ﬁ%@ .
-ES' RS -‘&S‘ ) ++
D 405 R « ] D 405 e ]
L 10 g g L 10 RN
LN Q v
% %&% 1x]
+ o) >
1 0—1 0 . . 1 0—1 0 . .
0 10 20 30 0 5 10 15
Iteration CPU Time
(a) Relative error vs iteration (b) Relative error vs CPU time

Figure 9: The shift-and-inverse method on the smallest-3-eigenvalue problem of a 10%-by-10° 2D-Laplacian matrix.

6.3.2 Negative 2D Laplacian matrix

Another way to find the smallest eigenvalues of a given matrix A is through the negative-shift method. That is, to
consider finding the largest eigenvalues of ul — A, where 1 > 0 is a shift constant such that I — A is positive
semi-definite. We use this method to find the smallest eigenvalues of the 2D Laplacian matrix defined in (#T).

Notice we need to shift at least the largest eigenvalue of A to ensure that I — A is PSD. And once we find the top
eigenvalues of ul — A we need to shift back and extract the smallest eigenvalues of A by computing ;1 — (1 — o),
where o’s are the smallest eigenvalues of A. Hence when the condition number of A is bad, i.e., if © >> o, then we
might lose a significant number of digits of accuracy for computing ;2 — (2 — o). In our numerical tests, we did not
encounter this numerical accuracy issue. The performance is shown in Figure [I0] Notice that the negative-shift method
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is much slower than the shift-and-inverse method, because of the different distributions of the largest eigenvalues of
ul — Aand (A + pl)~t.

10% ‘ ‘ 10% ‘ w
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0 0.5 1 1.5 2 2.5 0 2000 4000 6000 8000 10000
Iteration x10% CPU Time
(a) Relative error vs iteration (b) Relative error vs CPU time

Figure 10: The negative-shift method on the smallest-10-eigenvalue problem of a 10°-by-10° 2D-Laplacian matrix.

6.4 Coordinate Riemannian gradient descent

We consider applying the coordinate Riemannian gradient descent method described in Section[5]to a 1D Laplacian
matrix of size n-by-n given byA = A%CZK , where Az = n%_l and K is the tridiagonal matrix defined in (2)). This
example is only for the demonstration purpose of the coordinate gradient descent method. Choosing this simple A
makes it easy for the compact implementation of the matrix-vector multiplication of Au. One can also apply this
method to any sparse matrix A as long as one has the compact implementation of My (Awu) in O(N), where N is a
constant independent of the problem size n.

As we can see from Figure[TT] the CPU time for running the first 3000 iterations is independent of problem size. This
demonstrated the O(1) computational complexity of the coordinate Riemannian gradient descent method for leading
eigenpairs.

10

CPU Time
Relative Error

0 ‘ ‘ 107 ‘ ‘
10* 10° 108 107 0 1 2 3
n Iteration x10%

(a) CPU time of the first 3000 iterations vs problem size (b) Relative error vs iteration. Problem size n = 1000 * 29,
n = 1000 * 2% for k goes from 4 to 13. Each iteration Each iteration cyclically updates N = 100 columns with
cyclically updates N = 1000 columns. constant step size 1017,

Figure 11: Coordinate Riemannian gradient descent for solving the top-10 eigenvalues of a Laplacian matrix.
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7 Conclusions

This paper studied the orthogonalization-free method to find leading eigenpairs of a positive semi-definite Hermitian
matrix via an unconstrained Burer-Monteiro formulation. For this optimization problem, we have shown the equivalence
between the nonlinear conjugate gradient method and a Riemannian conjugate gradient method on a quotient manifold
with a flat metric, leading to a new understanding of the global convergence of the nonlinear conjugate gradient method
to a stationary point. Extensive numerical tests have been conducted to test the efficiency of the orthogonalization-free
method for computing leading eigenpairs for large-scale matrices. A new coordinate Riemannian gradient descent
method has been implemented, which would be very useful in large-scale computation when the whole matrix is not
accessible due to the limit of computer memory.
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