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ReLU Network Approximation in Terms of
Intrinsic Parameters

Zuowei Shen* Haizhao Yang! Shijun Zhang?

Abstract

This paper studies the approximation error of ReLLU networks in terms of the
number of intrinsic parameters (i.e., those depending on the target function f).
First, we prove by construction that, for any Lipschitz continuous function f on
[0,1]¢ with a Lipschitz constant A > 0, a ReLU network with n + 2 intrinsic pa-
rameters can approximate f with an exponentially small error 5A\v/d 2™ measured
in the LP-norm for p € [1,00). More generally for an arbitrary continuous func-
tion f on [0,1]¢ with a modulus of continuity w¢(+), the approximation error is
wi(vVd2™) + 2720 (V/d). Next, we extend these two results from the LP-norm
to the L*™-norm at a price of 3%n + 2 intrinsic parameters. Finally, by using a
high-precision binary representation and the bit extraction technique via a fixed
ReLU network independent of the target function, we design, theoretically, a ReLU
network with only three intrinsic parameters to approximate Holder continuous
functions with an arbitrarily small error.

Key words: ReLU Neural Networks; Intrinsic Parameters; Approximation Error; Ex-
ponential Convergence; Transfer Learning.

1 Introduction

Deep learning has been a powerful tool in science and engineering. As the workhorses
of deep learning, deep neural networks are treated as an important regression tool in
many successful applications. Understanding the approximation capacity of deep neural
networks has become a key question for revealing the power of deep learning. One of the
fundamental problems is the characterization of the approximation error of deep neural
networks in terms of the network size measured in the width, the depth, the number of
neurons, or the number of parameters.

It was shown in [38, 42,45, 48] that the approximation error O(n-?/4) is (nearly)
optimal for ReLU networks with O(n) parameters to approximate Lipschitz continuous
functions on [0, 1]¢. To gain better approximation errors, existing results either consider
smaller target function spaces (e.g., [3,11,15,25,29,44,47]) or introduce new activation
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functions (e.g., [39,40,41,46]). This paper proposes a new perspective to study the
approximation error in terms of the number of parameters depending on the target
function, which are called the intrinsic parameters, excluding those independent of
the target function.

1.1 Main results

Let C([0,1]%) denote the space of continuous functions defined on [0,1]¢. For
simplicity, let Hy (d1,dy) denote the function space consisting of all ReLLU networks
with W parameters mapping from R% to R4, i.e.,

Hy (dyi, ds) = {g 0 g:R% - R% is realized by a ReLU network with W parameters}.

Let H(dl, dg) = U;[i:l %W(dl, dg)

For any f e C'([0,1]9), our goal is to construct two f-independent functions ¢; €
H(d,1) and ¢o € H(n,1), and use s- (20 ¢ o ¢y)+b to approximate f, where s € [0, 00),
beR, and ¢ € H,(1,n) are learned from f. Under these settings, an approximation
error wy(vV/d2™) + 272w (V/d) is attained as shown in the theorem below, where the
modulus of continuity of a continuous function f € C'([0,1]?) is defined as

wy(r) =sup{|f(x) - f(Y)|: |z -yl <7, z,ye[0,1]} for any r>0.
Theorem 1.1. Given any n € N* and p € [1,00), there exist ¢y € Hoansa(d,1) and

¢ € Hoanss,(n, 1) such that: For any f € C([0,1]%), there exists a linear map L : R — R
satisfying

[+ (20 L0 d0) +b=F[ 090 S wr(Vd2™) + 2720w (Vd),

where s = 2w (\V/d), b= f(0)~w;(\/d), and L is a linear map given by L(t) = (art, ast, -, at)
with ay,as, -+ a, € [0, %) determined by f and n.

In Theorem 1.1, s is a scale factor, b is the bias for a vertical shift, and ay,as,--, a, €
[0, %) are the key intrinsic parameters storing most of information of f. Clearly, s- (¢2 o
Lo ¢1)+b can be implemented by a ReLLU network with n + 2 intrinsic parameters. We
call ¢; and ¢, inner-function and outer-function, respectively. They are independent
of the target function f and can be implemented by ReLU networks.

Note that the approximation error in Theorem 1.1 is characterized by the LP-norm
for p € [1,00). In fact, we can extend such a result to a similar one measured in the
L*°-norm.

Theorem 1.2. Given anyn € N*, there exist ¢y € Haagan+s(d, 3%) and ¢ € Haaganss, (390, 1)
such that: For any f € C([0,1]4), there exists a linear map L :R3* - R3" satisfying

s+ (20 Lo ) +b= fllr=(oay) <wr(Vd2™) + 272w (Vd),
where s = 2w (V/d), b= f(0) —w;(V/d), and L is given by
L(xy,, x3a) = (Eo(xl),-w,ﬁo(xgd)) for any @ = (1, w34) € R3"

where Lo : R - R™ is a linear map given by Lo(t) = (ait,ast, -, a,t) with ay,as,-, a, €
[0,3) determined by f and n.



Simplifying the implicit approximation error in Theorem 1.1 (or 1.2) to make it
explicitly depending on n is challenging in general, since the modulus of continuity wy(-)
may be complicated. However, if f is a Holder continuous function on [0,1]? of order
a € (0,1] with a Holder constant A > 0. That is, f satisfies

[f(@) - f@) <Az -yl for any =,y €[0,1]%,

implying ws(r) < Ar® for any r > 0. This means we can get an exponentially small
approximation error 5\d®/22-e"_ In particular, in the special case of o = 1, i.e., f is a
Lipschitz continuous function with a Lipschitz constant A > 0, then the approximation
error is simplified to 5AV/d 2.

Though the linear map £ in Theorem 1.2 is essentially determined by n key pa-
rameters a,as, -, a,, these n key parameters are repeated 3¢ times in the final network
architecture as shown in Figure 3. Therefore, s- (¢3 0 Lo ¢1) + b can be implemented
by a ReLU network with 3%n + 2 intrinsic parameters. Remark that we can reduce the
number of intrinsic parameters to n + 2 via using a fixed ReLU network to copy n key
parameters 3¢ times. The idea is similar to that of Theorem 1.3 introduced later.

Furthermore, the number of intrinsic parameters can be reduced to three in the case
of Holder continuous functions. In fact, three intrinsic parameters are enough to achieve
an arbitrary pre-specified error if sufficiently high precision is provided, as shown in the
theorem below.

Theorem 1.3. Given any € >0, a € (0,1], and X > 0, there exists ¢ € H(d+1,1) such
that: For any Holder continuous function f on [0,1]¢ of order o € (0,1] with a Holder
constant X > 0, there exist three parameters s € [0,00), v € [0,1), and be R satisfying

|sp(z,v) +b- f(x)| <e for any x € [0,1]%

In Theorem 1.3, s is a scale factor, b is the bias for a vertical shift, and v is the key
intrinsic parameter storing sufficient information of the target function f. Clearly, s, b,
and v are learned from f, while ¢ is independent of f. Let ¢9 = ¢, ¢; be the identity
map on R, and £, : R¢ - R4! be an affine linear transform mapping « to («,v). Then
s¢(x,v) +b can also be represented as s¢ 0 L, o ¢p1(x) +b.

Remark that Theorem 1.3 is just a theoretical result since the key intrinsic parameter
“v” requires extremely high precision, which is necessary for storing the values of f at
sufficiently many points within a sufficiently small error. Via the idea of the binary
representation, we can extract the values of f stored in “v” via an f-independent ReLLU
network (as a sub-network of the final network realizing ¢ in Theorem 1.3). In fact, there
is a balance between the precision requirement and the number of intrinsic parameters.
For example, if we store the values of f in two intrinsic parameters (not one), then the
precision requirement is greatly lessened.

1.2 Contributions and further interpretation

Our key contributions can be summarized as follows.

(i) First, we prove by construction in Theorem 1.1 that a ReLU network with n + 2
intrinsic parameters can approximate a continuous function f on [0,1]¢ with an
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error wy(v/d2™) +272w(v/d) measured in the LP-norm for p € [1, 00). In the case
of Holder continuous functions, the approximation error is simplified to S d*/22-an
where v € (0,1] and A > 0 are the Holder order and constant, respectively.

(ii) Next, we generalize the approximation error in Theorem 1.1 from the LP-norm for
p€[1,00) to the L*°-norm, as shown in Theorem 1.2. Such an generalization is at a
price of more intrinsic parameters. To be precise, the final network in Theorem 1.2
has 3%n + 2 intrinsic parameters, compared to n + 2 ones in Theorem 1.1.

(iii) Finally, we show in Theorem 1.3 that the number of intrinsic parameters in The-
orems 1.1 and 1.2 can be further reduced to three in the case of Holder continu-
ous functions. To be precise, ReLU networks with three intrinsic parameters can
achieve an arbitrary error for approximating Holder continuous function on [0, 1]¢.
In this scenario, extremely high precision is required as we shall see later.

Approximation with inner-function and outer-function

The composition architecture ¢ o Lo ¢ is the key part of the final ReLU-network-
realized function s- (¢ 0 Lo ¢1) +b in Theorem 1.1 (or 1.2). Given a target function
f, the composition architecture ¢, o £ o ¢p; can be generalized to ¢ous © g © @i, Where
¢e an f-dependent function parameterized by @ = 8(f) € R", and ¢y, and ¢,y are two
f-independent functions, called the inner-function and the outer-function, respectively.

Let I',,(dy, d2) denote a general space consisting of vector-valued functions mapping
from R4 to R% and pamameterized with n parameters. Each element of T',,(dy,ds) can
be denoted by ¢g : R4 — R?, parameterized with 8 € R*. Existing literature uses
¢o € I',,(dy,ds) with proper d; and dy to directly approximate the target function f in
a given function space. This paper proposes a new perspective to study the function
approximation for f:[0,1]¢ - R. To be precise, we design an inner-function ¢y, : R -
R4 and an outer-function ¢gy; : R% — R, both of which are independent of f, and use
S (Pout © g © P ) +b with ¢g € T',,(dy,dy) to approximate the target function f. Here, s
is a scale factor, b is the bias for a vertical shift, and @ € R" is the key parameter vector
learned from f.

In particular, let T';, denote the function of all functions realized by a ReLLU network
with n parameters and a pre-specified architecture. It is proved in [38,45] that, when
using elements in I',, to approximate Holder continuous functions on [0, 1]%, the (nearly)
optimal approximation error is O(An=2%/?), where o € (0,1] and A > 0 are the Holder
order and constant, respectively. Clearly, an error like O(An=22/4) suffers from the curse
of dimensionaltiy. However, with inner-function ¢;, and outer-function ¢, in hand, we
can use S+ (Pout © Pg © Piy) +b with ¢g € T',, to approximate a Holder continuous function
on [0,1]? with an exponentially small error 5Ad®/?2-2" where € (0,1] and A > 0 are the
Holder order and constant, respectively. This means that the approximation error can
be greatly improved by pre-designing two (vector-valued) functions ¢y, and ¢,y, which
are independent of f and can be implemented by ReLLU networks.



Connection with transfer learning

Transfer learning dates back to 1970s [9,10]. It is a research direction in machine
learning that applies knowledge gained in one problem to solve a different but related
problem. Typically in deep learning, transfer learning uses a pre-trained neural network
obtained for one task as an initial guess of the neural network for another task to achieve
a short training time. Our theory in this paper could provide insights into the success
of transfer learning using neural networks, though the setting of our theory is different
from realistic transfer learning. In our theory, ¢, and ¢, are universally useful for
all learning tasks for continuous functions, which can be understood as the part of
networks that can be transferred to different tasks. Suppose f; and f, are the target
functions for two different but related tasks. If f; has been learned via an architecture
51+ (Pout © Pa, © Pin) + b1, then we can “transfer” the knowledge (¢ouy and ¢y,) to another
task. This means that, by only learning so, by, 05 from fo, we can use So:(dout© g, ©Pin ) +b2
to approximate f; well. Therefore, the total number of parameters that need to be
learned again is not large. Our theory may provide a certain theoretical understanding
in the spirit of transfer learning from a network approximation perspective. To gain a
deeper understanding, one can refer to [6,22,26,27,32,34,35]. It would be interesting to
test the proposed network architecture in the context of transfer learning in the future.

Error analysis of deep learning

In supervised learning, an unknown target function f defined on a domain X is
learned through its finitely many samples {(;, f(«;))}%,. For simplicity, denote ¢(x;0)
as a network-generated function with @ € ® as the set of parameters, where @ is the
parameter domain typically taken as [-M, M]" for two pre-specified constants M > 0
and W e N*. If ¢(x;0) is used to infer f(x) for unseen data samples x, then we need
to identify the empirical risk minimizer 8, which is given by

0s € argmin Rs(0), where Rs(0) := %if(gb(mz, 0),f(:1:z)) (1.1)
0c® i=1

with a loss function typically taken as {(y,y") = 5|y - y'|*.
In fact, the best network-generated function to infer f(x) is ¢(x;6p), but not
¢(x;0s), where Op is the expected risk minimizer given by

Op € argmin Rp(6), where Rp(0) = Eppx) [(6(x;0), f(x))],

0c®

where U is a unknown data distribution over X. The best possible inference error is
Rp(6p). In real applications, U(X) is unknown and only finitely many samples from
this distribution are available. Hence, the empirical risk Rs(€) is minimized, hoping
to obtain ¢(x;6s), instead of minimizing the expected risk Rp(0) to obtain ¢(x;0p).
In practice, a numerical optimization method to solve (1.1) may result in a numerical
solution (denoted as @) that may not be a global minimizer 8s. Therefore, the actually
learned network-generated function to infer f(x) is ¢(a;60,) and the corresponding



inference error is measured by Rp(6@yr), which is bounded by

Rp(Ox) = [Rp(0n) - Bs(On)] + [Rs(On) - Rs(0s)] + [Rs(8s) - Rs(0p)] +[Rs(0p) - Rp(0p)]+ Rp(6p)

S—
GE OE <0 by (L1) GE AE
< Ro(0p)  + [Rs(8w) - Rs(65)] + [Rn(8x) - Rs(6x)] + [Rs(8p) - Ro(6p)]. (1.2)
——
Approximation error (AE) Optimization error (OE) Generalization error (GE)

The constructive approximation established in this paper and the literature provides an
upper bound of Rp(60p). The second term of (1.2) is bounded by the optimization error of
the numerical algorithm applied to solve the empirical risk minimization problem in (1.1).
If the numerical algorithm can find a global minimizer, the second term is equal to zero.
The theoretical guarantee of the convergence of an optimization algorithm to a global
minimizer @s and the characterization of the convergence belong to the optimization
analysis of neural networks. The study of the bounds for the third and fourth terms of
(1.2) is referred to as the generalization error analysis of neural networks.

Theorems 1.1, 1.2, and 1.3 provide upper bounds of Rp(0p). These bounds only
depends on the number of intrinsic parameters of ReLLU networks and the modulus of
continuity wy(-). Hence, these bounds are independent of the empirical risk minimiza-
tion in (1.1) and the optimization algorithm used to compute the numerical solution
of (1.1). In other words, Theorems 1.1, 1.2, and 1.3 quantify the approximation power
of ReLLU networks in terms of the nubmer of intrinsic parameters. Designing efficient
optimization algorithms and analyzing the generalization erre for ReLLU networks are
two other separate future directions.

1.3 Related work

The expressiveness of deep neural networks has been studied extensively from many
perspectives, e.g., in terms of combinatorics [30], topology [7], Vapnik-Chervonenkis (VC)
dimension [5, 18, 36], fat-shattering dimension [1, 23], information theory [33], classical
approximation theory [2,3,8,12, 13,14, 16, 17,20, 24, 25, 28, 31, 37, 38, 43, 44, 45, 48, 49],
etc. In the early works of approximation theory for neural networks, the universal
approximation theorem [14,19,20] without approximation errors showed that, given any
€ > 0, there exists a sufficiently large neural network approximating a target function
in a certain function space within an error €. For one-hidden-layer neural networks and
sufficiently smooth functions, Barron [3,4] showed an asymptotic approximation error
O(VLN) in the L2-norm, leveraging an idea that is similar to Monte Carlo sampling for
high-dimensional integrals.

Recently, it is proved in [38,45,48] that the (nearly) optimal approximation error
would be O(n=%/%) when using ReLU networks with n parameters to approximate func-
tions in the unit ball of Lipschitz continuous function space. Clearly, such an error suffers
from the curse of dimensionality. To bridge this gap, one could either consider smaller
function spaces, e.g., smooth functions [25,47] and band-limited functions [29], or intro-
ducing new networks, e.g., Floor-ReLU networks [40], Floor-Exponential-Step (FLES)
networks [41], and (Sin, ReLLU, 2%)-activated networks [21]. This paper proposes a new
perspective to characterize the approximation error in terms of the number of intrinsic
parameters. Such a method is inspired by an observation that most parameters of the



ReLU network approximating a target function are independent of the target function.
Thus, most parameters can be assigned or computed in advance. As shown in Theo-
rem 1.1, we can first design an inner-function ¢; and an outer-function ¢, both of which
can be implemented by ReLU networks. Then, for any continuous function f € C'([0,1]%),
s+ (¢a0Lo¢y)+b can approximate f with an error w;(v/d2™) + 272w, (v/d) by the
following two steps: 1) determining s and b, 2) designing a linear map £ defined by
L(t) = (art, -+, ant), where aq,---, a, are determined by the target function f. Therefore,
we overcome the curse of dimensionality in the sense of the approximation error char-
acterized by the number of intrinsic parameters when the variation of ws(r) as r - 0 is
moderate (e.g., ws(r) $r® for Holder continuous functions).

Organization: The rest of this paper is organized as follows. In Section 2, we
prove Theorems 1.1, 1.2, and 1.3 based on an auxiliary theorem, Theorem 2.1. Next, the
auxiliary theorem is proved in Section 3 based on Proposition 3.1, which is proved later
at the end of Section 3. Finally, Section 4 concludes this paper with a short discussion.

2 Constructive proof

In this section, we first list all notations used throughout this paper. Then, we prove
Theorems 1.1, 1.2, and 1.3 based on an auxiliary theorem, Theorem 2.1, which will be
proved in Section 3.

2.1 Notations

Firstly, let us summarize the main notations of this paper as follows.

e Let R, Q, and Z denote the set of real numbers, rational numbers, and integers,
respectively.

e Let N and N* denote the set of natural numbers and positive natural numbers,
respectively. That is, N* = {1,2,3,---} and N = N*J{0}.

e Vectors and matrices are denoted in a bold font. Standard vectorization is adopted
in the matrix and vector computation. For example, adding a scalar and a vector
means adding the scalar to each entry of the vector.

e For 0 €[0,1), suppose its binary representation is 6 = Y72, 6,27¢ with 6, € {0,1}, we
introduce a special notation bin0.6,65---0;, to denote the L-term binary represen-
tation of 6, i.e., bin0.0,05---0;, := zeL=1 0,27¢.

e For any p€[1,00), the p-norm of a vector & = (x1,x9, -, x4) € R? is defined by

], = (|22} + ol + - + [zg?) .

e The expression “a network with width N and depth L” means

— The maximum width of this network for all hidden layers is no more than
N.



— The number of hidden layers of this network is no more than L.

e Similar to “min” and “max”, let mid(x1, 22, x3) be the middle value of three inputs
x1, 9, and z3. For example, mid(2,1,3) = 2 and mid(3,2,3) = 3.

e Given any K € N* and § € (0, +], define a trifling region Q([0,1]¢, K, §) of [0,1]¢

as
d

Q([0,1]4, K, 6) = U{m = (21,22, xq) 1T € Up (£ -6, £ } (2.1)

i=1
In particular, ([0,1]¢, K,0) =@ if K = 1. See Figure 1 for two examples of trifling
regions.

_— (0,1, K,0) for K =5d=1 - Q0,1 K.0) for K=4,d=2

Figure 1: Two examples of trifling regions. (a) K =5,d=1. (b) K =4,d=2.

e Given a univariate activation function o, let us introduce the architecture of a
o-activated network, i.e., a network with each hidden neuron activated by o. To
be precise, a o-activated network with a vector input @ € R, an output ¢(x) € R,
and L € N* hidden layers can be briefly described as follows:

@=ho Rt =Ry - AR R A = 6(@), (22)

where Ng = d € N*, Ny, Ny, Np, € N*, Np,1 =1, A; € RNi+1xNi and b; € RNi+1
are the weight matrix and the bias vector in the i-th affine linear transform L;,
respectively, i.e.,

hi+1=Ai'ﬁi+bi = LZ(EZ) fOFi=0,1,"',L

and _
hi,jza(hi,j) forj=1,2,~--,Ni andi=1,2,--~,L.

Here, %” and h;; are the j-th entry of h; and h;, respectively, for j = 1,2,---, N;
and ¢ =1,2,---, L. If 0 is applied to a vector entrywisely, i.e.,

o(y) = (o(y1),0(ya)) for any y = (y1,-,ya) € R%,
then ¢ can be represented in a form of function compositions as follows:
¢(x)=Lrooco - ocoliocoLy(x) forany zeR%

See Figure 2 for an example.



1-nd hidden layer 2-nd hidden layer output layer

Figure 2: An example of a o-activated network with width 5 and depth 2.

2.2 Proof of Theorem 1.1

To prove Theorems 1.1 and 1.2, we introduce an auxiliary theorem below with a
similar result ignoring the approximation inside the trifling region.

Theorem 2.1. Given any n € N*, there exist ¢1 € Hoansa(d, 1) and ¢o € Hoanss,(n,1)
such that: For any continuous function f : [0,1]7 — [0,1], there exists a linear map
L:R - R satisfying |2 0 Lo ¢ peo(ray <1 and

a0 Loy () - f(x)] <wp(Vd2 ™) +27  for any x € [0,1]0Q([0,1]% K, 8),

where K = 2", § is an arbitrary number in (0, SLK], and L is given by L(t) = (ait, ast, -, a,t).
Here, a; € [0, 3) is determined by f and n, and 2™a; € N fori=1,2,--,n, where m = 24+1,

The proof of Theorem 2.1 can be found later in Section 3. Let us first prove Theo-
rem 1.1 based on Theorem 2.1.

Proof of Theorem 1.1. We may assume f is not a constant function since it is a trivial
case. Then w;(r) >0 for any r > 0. Set s = 2w;(v/d) >0 and b = f(0) — w;(\/d). Then,
by defining

b f=f0) +w (V)
5 2wy (Vd)

we have f(z) € [0,1] for any « € [0,1]?. By applying Theorem 2.1 to f, there exist two

functions, ¢; : R? - R and ¢, : R* - R, both of which are independent of f and can be

implemented by ReLU networks with < 29"+4 and < 29"+5p, parameters, respectively, and
a linear map £ : R — R™ satisfying ||¢2 0 Lo ¢1| f(ray < 1 and

7

Y

(620 Lo ¢1(x) - ()] <wr(Vd2™) +27  for any @ € [0,1]1\Q([0,1]4, K, 8),

where K =27, § is an arbitrary number in (0, 53], and £ is given by £(¢) = (a1, ast, -, a,t)
with aq,as, -+, a, € [0, 3) determined by f and n. Since f is derived from f, aj,as, -+, a,
are essentially determined by f and n.

Then choose a small § satisfying

dK 2P <2777 = (27)P,



Note that the Lebesgue measure of 2([0,1]%, K,¢) is bounded by dK6 and

(020 Lo () - F(@)] <[dro Lodi(@)|+ [T(@)| <1+1=2 for any @€ [0, 1],

Then, |¢g0 Loy — fHLp( 0,134 1 bounded by

f[()l]d\ﬂ([ol 4 K.5) |pg 0 Lo py(x) - f(:l:)|1)da:+ fQ([m ) |pa 0 Lody(x) - f(:c)|pdm

S(wf(\/_2 "y +27) +dK52p§(wf(\/_2 My +27) 4 (2P _(wf(\/_Q )+ 27

implying |¢g 0 Lo ¢y — }Vl”Lp([O’l]d) < wf(\/aT”) +271. Note that wy(r) = s-w¢(r) for
any r > 0. Therefore, we have

|s- (@20 Lo¢r)+b=fliogoe) = HS'(¢2 oLogy)+b—(s-F+b) (o
=slg20 Lo b1 = Flisoay € s wp(Vd2™) + 27 s = wp(Vd2™) + 27w, (V).

So we finish the proof. O

2.3 Proof of Theorem 1.2

Next, let us prove Theorem 1.2. To this end, we need to introduce the following
lemma, which is actually Lemma 3.4 of [25] (or Lemma 3.11 of [48]).

Lemma 2.2 (Lemma 3.4 of [25]). Given any e >0, K € N*, and 6 € (0, 5], assume
feC([0,1]9) and g :R¢ - R is a general function with

|g($) - f(il?)| <e for any & € [07 1]d\Q([07 1]da Ka 5)
Then
lp(x) - f(x)| <e+d-wp(d) for any x €[0,1]%
where ¢ = ¢4 is defined by induction through

Pis1 () = mid(@(a: -dei1), i(x), pi(x + 5€i+1)) for 1=0,1,--,d -1,
where ¢o = g and {e;}L, is the standard basis in RY.

With Lemma 2.2 in hand, we are ready to present the proof of Theorem 1.2.

Proof of Theorem 1.2. We may assume f is not a constant function since it is a trivial
case. Then w(r) >0 for any r > 0. Set s = 2w;(v/d) >0 and b= f(0) -~ w(\/d). Then,
by defining
b £ O+ (V)
5 2w (Vd)
we have f(x) € [0,1] for any @ € [0,1]¢. By applying Theorem 2.1 to f, there exist
two functions, ¥ : R? - R and 5 : R* - R, both of which are independent of f (or
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f) and can be implemented by RelLU networks with < 29"*4 and < 297*5n, parameters,
respectively, and a linear map Lq: R — R" satisfying 1oz~ @) <1 and
[o(x) - fz)] cwp(Vd2 ™) +2" =g for any @ € [0,1]1\Q([0,1]4, K,0),

where 1y =19 00Lg 0010, K =27, § is an arbitrary number in (0, ﬁ], and L4 is given
by Lao(t) = (ait,ast, -, a,t) with a = (a1, as, -+, a,) determined by f and n. Moreover,
a; € 0, %) and 2ma; € N for i = 1,2, -+, n, where m = 24n+1 @

Choose a small ¢ satisfying d - wf(5) <27 With ¢y = ¢a0 0 Lgo 010 in hand, we
can define 1, -+, 94 by induction via

¢i+1(m) = mld(?/)l(w - 5ei+1)7 ¢z($),¢z($ + (567;_,_1)) for ¢ = 07 17 T d-1.
The detailed iterative equations for ¢; : R* - R, 4p; : R? - R, L,;: R — R¥d and
o R34 > R, fori=1,2,--,d, are listed as follows.
® ;= wz,i o £a,i o ¢’1z

* P1i(y) = (7#1,1'—1(31 —de;), P1i-1(Y), Yri-(y+ (5ei)> for any y € R<.
* Lailyryeys) = (E‘”‘l(yl)v Lai1(y2), Ea,i—l(yi’))) for any y1,ys,ys € R3".

o Gou(yr Y2 ys) = mid (Yo, (1), Yoir(y2). Vi () for any yr, o,y € BRI,

See the illustrations in Figure 3.
By Lemma 2.2, we have

lo(x) - f(x)| <e+d- w7(4) < wf(\/ET”) +27™1 for any x € [0,1],
where ¢ =g =340 Lg g0 1 4. By defining L= L, 4, 1 =114, and ¢ = 1y 4, we have
|y 0 Lo y(x) - f(z)| < wf(\/ET”) +27"1 for any x € [0,1]¢,
As shown in Figure 3, £ = L4 4 is a linear map from R3* to R3' determined by a =
(a1, as,-+,a,) € |0, %)”, which depends on f and n. Moreover, as shown in Figure 3,
¢1 = P14 and ¢g = 19 4 are independent of f and can be implemented by ReLU networks
with
< 34(29m+4) 4 3d(d + 1)(3971 + 392 4 ... 4+ 30) < 3ddn+s

and
< 34(29m5n) + 280(347 + 372 4 ... 4+ 30) < 392448y @

parameters, respectively.
Note that wy(r) = s-wz(r) for any r > 0. Therefore, we have

HS . (¢2 oL o ¢1) +b- fHL“’([O,l]d) = HS : (¢2 oLo ¢1) +b- (S ’ }v—i_ b>HL°°([0 1]4)

= s ¢a0 Loy~ fllre=(oge) < 5 Wf(\/;lT") +27 s = wp (VA 27 + 272w (V).
So we finish the proof. O

@This property will be used in the proof of Theorem 1.3.
@ As shown Lemma 3.1 of [25], “mid(:,-,-)” can be implemented by a ReLU network with width 14
and depth 2, which has < (3+1) x 14+ (14 + 1) x 14 + (14 + 1) = 280 parameters.
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/WD%@%
%%D%D%—) 4ﬁﬁd{mid (1/)0(% —dey), tho(x), o(z + 6@1)) = 1/)1<m)]
e oo Do)

SW

d 3d

P —Eﬁ'a. Pt ()

(a) An illustration of the network architecture implementing ; = Y10 Lg1 01,1 based
on g =200 LaooP1,0. The top architecture is in detail, while the bottom one is just a
sketch of the top one. The orange numbers indicate the number of neurons in each layer.

e W =t M oS )
—>"‘?91—1—>D Lot D ot @ﬂn&dﬂ[mid (¢1(w —dea), Y1 (@), Yi(x + 6e2)) — 1/)2<a;)]

P2 %2%',1_ P2 ()

(b) An illustration of the network architecture implementing 1y = 13 2 0 L4 2 0 91 2 based
on 91 =g 10Lqg10%1,1. The top architecture is in detail, while the bottom one is just a
sketch of the top one. The orange numbers indicate the number of neurons in each layer.

o Oty
(= (= e a0z {ne]mid{uia(snle - e vu(e). valo + 5e2)
D g ST

)
J

= M(‘E)]

1 33 B

q"/"l‘ﬁ éa‘{—)l_( o3 V()

(c) An illustration of the network architecture implementing 13 = 12 3 0 L4 3 0 91 3 based
on Yo =120 Lg2012. The top architecture is in detail, while the bottom one is just a
sketch of the top one. The orange numbers indicate the number of neurons in each layer.

Figure 3: Mlustrations of the implementations of ¢1, ¢, and ¢3. The inductive imple-

mentations of ¢y, -, ¢4 are similar.
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2.4 Proof of Theorem 1.3

To simplify the proof of Theorem 1.3, we introduce two lemmas below. First, we need
to establish a lemma showing how to store many parameters in one intrinsic parameter
via a fixed network.

Lemma 2.3. Given any m,n € N, there exists a vector-valued function ¢ : R - R
realized by a ReLU network such that: For any a; € [0,1) with 2™a; € N for i =0,1,---,n,
there exists a real number v € [0,1) such that

o (v) = (ay, a9, a,).

Next, we establish another lemma using a ReLLU network to uniformly approximate
multiplication operation i (x,y) = xy well.

Lemma 2.4. For any M >0 and n >0, there exists a function ¢, : R? - R realized by a
ReLU network such that

Uy(@,y) 3 d(2,y) =2y on [-M,M]* asn- 0%,
where = denotes the uniform convergence.

The proof of Lemma 2.3 is placed later in this section. Lemma 2.4 is just a direct
result of Lemma 4.2 of [25]. With Lemmas 2.3 and 2.4 in hand, we are ready to prove
Theorem 1.3.

Proof of Theorem 1.3. For any e >0, choose a large n =n(e,a, \) € N* such that
5Ad/2270m < /2.

Since f is a Holder continuous function on [0, 1]¢ of order av € (0, 1] with a Holder constant
A > 0, we have wy(r) < Are for any r > 0. By Theorem 1.2, there exist two functions
o1 : R > R3 and ¢, : R3'" - R, implemented by f-independent ReLU networks, such
that

|s(¢20Logpr)+b— f|r=(o1e) < wf(ﬁi 271) + 2*”*2%«(@) <BAdYR2Om < 2f2, (2.3)

where s = 2w (Vd) < 20d*2, b = f(0) -w;(\/d), and £ : R3* — R3' is a linear map given
by

‘C(yla"'yyl’)d) = (‘CO(yl)ﬂ'"VCO(yI}d)) for any y = (yla”.ay3d) € R?}d’

where Ly : R - R” is a linear map given by Lo(t) = (ait,ast, -, a,t) with ay,as,-, a, €
[0, %) determined by f and n. Since ay, as, -, a, are repeated 3¢ times in the definition of
L, there are 3%n parameters in total. We will show how to store these 3¢n parameters in
one intrinsic parameter v via an f-independent ReLU network as shown in the following
two steps.

e Regard aq,as, -, a, as inputs, but not parameters. See the difference in Figure 4.
Then, we only need to store aq,as, -, a, one time by copying them 3¢ times.
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e As stated in the proof of Theorem 1.2, a1, as, -, a, have finite binary representa-
tions. Then, we can store them in a key parameter v and use an f-independent
ReLU network to extract them from wv.

The details of these two steps can be found below.

Step 1: Regard ay,as, -, a, as inputs and copy them 3¢ times.

Since ay, as, -+, a, are regraded as inputs, the implementation of Lo(t) = (a1t, ast, -, a,t)
requires multiplication operations. This means that we need to approximate ¢ (z,y) = xy
well via an f-independent ReLLU network. See Figure 4 for illustrations.

Denote a = (ay,as, -, a,) and

d1(x) = (¢1,1($)7 b12(x), -, ¢1,3d(w)> for any x € [0, l]d~

Then define
M:=1+ Sup{|¢1,](m)| ‘T € [07 1]d7 .] = 1727 "'73d}'

By Lemma 2.4, there exists a function 1, : R? — R realized by a ReLU network such
that
Uy(2,y) 3 ¥(2,y) =2y on [-M,M]* asn- 0"

;
a; - t .
ait . ¢77 Vn(ai, t)

(a) (b)

Figure 4: Mlustrations of two methods getting/approximating a;t for ¢ = 1,2,--,n and
te{p;(x):xel0,1]¢ j=1,2,---3%. (a) By regarding a; as a parameter, one can
easily get the product of an input ¢ and an parameter a;. (b) By regarding a; as an
input, one needs to use a ReLLU network to approximate the multiplication operation for
approximating a;t well.

n—0"

= G/Z't

Note that £ and £y depend on a = (ay,as, -+, a,). For clarity, we denote L, = £ and
Lao = Lo. For any ay,as,+,a, €[0,%) € [-M, M] and

te {¢1,j(w) SKOS [071]d7 j: 1527'"73d} < [_Ma M]a

Wwe caln use

Laon(t) = (y(art), ty(az, 1), - ¥y(an.1))

to approximate

Lao(t) = (art ast, -+ ant) = (¥(ar, ), ¥(as, 1), - ¥(an,1)).

Then
Ea,n(yla Y y3d) = ('Ca,(),n(yl)a Y £a,0,n(y3d))
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can also approximate

Lalrys0) = (Lan(@). - Lao(yss))
well. Define 57} R73Y 5 R3'7 and ¢ : R3¢ - R3'7 via
60(Y,@) = Lay(yr, - yse) for any ae[0,5)" and g = (1, ys0) € [-M, M]*
and
6(y,a) = La(yr, - yse) for any @ e [0,3)" and y = (g1, ysa) € [-M, MT*",

Since
Yy(z,y) 3 (x,y) =zy on [-M,M]* asn— 0",

it is easy to verify that
an(y,a) = o(y,a) forye[-M, M]?’d and a € [0,3)" asn— 0"

Note that ¢ (x) € [-M, M]3 for any « € [0,1]¢. Then,
(g0 an((bl(w),a) = g0 q?(qbl(a:),a) for x € [0,1]? and a € [0, %)” asn— 0%,
The fact ¢(y,a) = Lq(y) = L(y) implies ¢, o $<¢1(:13), a) = ¢g 0 Lo ¢ (x). Therefore,

(g 0 577((]51(3:), a) = pyo Lo (x) for xe[0,1]? and a € [0, %)” asn—0".
Choose a small 7 =n(n) > 0 such that

’¢2 o (/Ab’n(¢1(:1:), a) —¢9oLo ¢1(a:)’ <2 forany ¢ €[0,1]and @€ [0,3)" . (2.4)

Recall that 1), can be realized by an f-independent ReLU network. It is easy to
verify that ¢, can also be realized by an f-independent ReLU network.

Step 2: Store ay,as,---, a, in a key parameter v.

As we can see from the proof of Theorem 1.2, a; € [O,%) with 2™a; € N for ¢ =
1,2,---,n, where m = 29"*1, That is,

aie{bin().@l---em: 6, € {0,1}, 521,27...%}_

Then, by Lemma 2.3, there exists a real number v € [0,1) and a vector function ¢ : R —
R™ implemented by a ReLLU network independent of aq,as, -, a, such that

@o(v) = (ay,az,-+,a,) = a.

Next, we can define
0(,0) = 6 0 By (B1(2), B0(v)) = 62 0 B (b1(), a)
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for any @ € [0,1]¢ and v € [0, 1).

Since the ReLLU network realizing ¢ is independent of aq,as, -, a,, and hence inde-
pendent of f. Recall that ¢, ¢o, and 571 can be implemented by f-independent RelLU
networks. Hence,

O(x,0) = 620 Gy 1), B0 (v) )

can also implemented by an f-independent ReLLU network. It remains to estimate the
error. By Equations (2.3) and (2.4), we have

[so(@,v) + b= f(@)| < |s6(m,v) + b= (5620 Lo pi() +b)| + [spr 0 Lo pi(2) +b- (=)
< s‘gb(a:, v)—¢ooLo ¢1(m)| +e/2
< 2/\da/2‘¢2 o q~5n<¢1(m), a) —¢o0Lo ¢1(m)| +¢e/2
<2AdY227M 1 g[2 < BAdY227OM v c[2< g2+ ¢f2 = €.
So we finish the proof. O
Finally, let us prove Lemma 2.3 to end this section.

Proof of Lemma 2.3. Since a; € [0,1) with 2ma; € N for ¢ = 1,2,---,n, a; can be repre-
sented as a binary form
a; = binO.aiylai72-~~ai7m.

Denote

n
_ -m(i-1 .
v = 22 ( )@i = b1n0~a1,1"'a1,m a21°A2m *** Ap1"Anm,
i=1

~

store ai store ao store an

which requires pretty high precision. It is easy to extract a; from v via the floor function

([J)ﬂ Le.,

a; = l2mZUJ/2m _ [2m(i—1)vJ fOI‘ ’L = ]_, 27 M.

Next, we need to use a ReLLU network to replace the floor function. Let g : R - R be
the continuous piecewise linear function with the following breakpoints:

(¢,¢) and ({+1-0,¢) for£=0,1,---,2™" -1, where § =27"".
Clearly, g can be realized by a ReLLU network independent of aq,as, -+, a,. By defining
gi(t) = g(2™t) /2™ — g(2™0Vt) for i=1,2,-,n and any t € R,

we have
a; = 9(2miv)/2m —9(2m(i71)0) =gi(v) fori=1,2,-- n.

Next, The target function ¢ can be defined via

o(t) = (91(75)7 g2(t), -, gn(t)) for any t € R.

Thus, we have
$(v) = (9:1(0), (), +, ga(v) ) = (01,02, ).
and ¢ can be realized by a ReLLU network independent of ay,as, -, a,. So we finish the

proof. O
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3 Proof of Theorem 2.1

In this section, we first present the proof sketch of Theorem 2.1 in Section 3.1, and
then give the detailed proof in Section 3.2 based on Proposition 3.1, which will be proved
later in Section 3.3.

3.1 Sketch of proof
Before proving Theorem 2.1, let us present the key steps as follows.

1. Set K =2, divide [0,1]¢ into K¢ cubes Qg for B € {0,1,---, K — 1}¢ and the trifling
region Q([0,1]%, K,9), and denote xg as the vertex of ()g with minimum | -|; norm
for each B. See Figure 5 for illustrations.

2. Design a ReLU sub-network to implement a function ¢; : R - R, independent of f,
projecting the whole Qg to a number determined by B in {4/ : j = 1,2,---, K4} for
each 3.

3. Design a linear map £ : R — R”, given by L(t) = (a1t, ast, -, a,t), for later use, where
ai,as, -+, a, are determined by f and n.

4. Design a ReLLU sub-network to implement a function ¢, : R® - R, independent of f,
such that ¢o 0 Lo ¢1(x) ~ f(xg) for any € Qg and each B €{0,1,--, K —1}9. Then
¢ 0 L o ¢y approximates f well outside of Q([0,1]¢, K, 9).

5. Estimate the approximation error of ¢g o0 Lo ¢y ~ f.

. ([0, 1], K.0) for K =4,d=1 . Q0,1 K,0) for K=4,d=2

m— Q for B € {0,1,2,3} Qpfor B e {0,1,2,3)

* zgfor Be{0,1,2,3} * axgfor Be{0,1,23)

Qs | Qs |§ Qs | @33

Figure 5: Illustrations of Q([0,1], K,9), Qp and zg for B € {0,1,--, K - 1}4. (a)
K=4,d=1.(b) K=4, d=2,

As we shall see later, the constructions of ¢; and £ are not difficult. The most
technical part is to design ¢s implemented by a ReLU network, which relies on the
following proposition.

Proposition 3.1. Given any J € N*, there exists a function ¢ implemented by a ReL U
network with width 2 and depth 2J + 2 such that: For any 61,0,,---,0; € {0,1}, we have
¢(x) €[0,1] for any x € R and

J
¢(4a)=0; for j=1,2,-- J, wherea= Zﬁjéfj. (3.1)

j=1
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The proof of this proposition can be found in Section 3.3. We shall point out that
the function ¢ in this proposition is independent of 6;,60s,---,0; € {0,1}.

3.2 Constructive proof
Now we are ready to give the detailed proof of Theorem 2.1.
Proof of Theorem 2.1. The proof consists of five steps.

Step 1: Set up.

Set K = 2™ and let 0 > 0 be a small number determined later. Then define xg =
B/K and divide [0,1]? into K¢ cubes Qg for B € {0,1,--, K — 1} and a small region
Q([0,1]4, K,¢). Namely,

Qp={w = (1,22, 2q)  1; € [%, %~ 6] for i = Lo d},

for ,8 = (51, 52, e 5d) € {0, 1, N K—l}d. Clearly, Q([O, 1]d, K, 5) = [0, 1]d\(U,BE{O,1,---,K71}d Qﬁ)
See Figure 5 for illustrations.

Step 2: Construct ¢;.
Let g be a “step function” such that

e g(£)=g(5t -0)=kfor k=0,1,, K-1and g(1) = K - 1.
e ¢ is linear between any two adjacent points of

{£:k=0,1, K}u{& -§:k=0,1, K -1}.

Then, for any @ = (21,-,24) € Qg and B = (1, fa) €{0,1,--, K — 1}, we have
g(x;)=0; fori=1,2-d.

Also, such a function g can be easily realized by a one-hidden-layer ReLLU network with
width 2K.

Let h be a function satisfying h(j) =47 for j =1,2,---, K% Such a function h can be
easily realized by a one-hidden-layer ReLU network with width K<¢. Then the desired
function ¢; : R? - R can be defined via

d1(@) = h(1+ igmwl) =hoo(g(21), -+ 9(xa)) for any @ = (21,-,24) € R,

where o: R? - R is a linear function defined by

d
oly) =1+ ZyiK”l for any y = (y1,--,yq) € RY.
i=1

Clearly, o is a bijection (one-to-one map) from B € {0,1,- K — 1} to o(8) = 1+
>4 BK T e {1,2,-, K7}
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Then, for any « € Qg and B€{0,1,---, K —1}9, we have

d1(x) =ho Q(g(asl), ---,g(xd)) =hoo(Br, -, Ba) = 49P) = gEL KT (3.2)
Apparently, ¢, is independent of f and it can be realized by a ReLLU network with
<d(2K x3+1) + (K+1) + 3K+ 1<11K%+2=11x 2% 4 2 < 2dn+4

parameters.

Step 3: Construct L.

For each B € {0,1,---, K-1}4, it follows from f(xg) € [0, 1] that there exist £g.1, -, a1
such that

|f(®g) —bin0.8g1-+Egn| <277 (3.3)
Given any j € {1,2,---, K} there exists a unique 3 € {0,1,--, K — 1}¢ such that j =
1+ Y%, iK1 = o(B). Thus, for any £ € {1,2,---,n}, we can define

0i0=Eas, forj=0(B)and Be{0,1, K-1}" (3.4)
Then the desired linear map £ can be defined via
L(t) = (ait,ast, -, a,t) for any t € R,
where ay = Z]Kj 6,477 for £=1,2,--- n. Clearly, for £=1,2,---,n, we have

Kd

_ -J 1
ay = ZQMZL Je [0, 5)
J=1
and
dn+1 dn d
2May = 2" 4y = 42" ap = 45" a, € N,  where m = 2%,

Step 4: Construct ¢s.

Fix ¢ € {1,2,---,n}, by Proposition 3.1 (set J = K¢ and 0, = 0;, therein), there exists
a function ¢, implemented by a ReLU network with width 2 and depth 2K + 2 such
that ¢9,(t) € [0,1] for any ¢ € R and

Kd
poe(4ag)=0;, for j=1,2,- K% where a;= 29j7g4_j. (3.5)
j=1

Note that ¢q, is independent of 6;, for j = 1,2,---, K4, so it is also independent of f.
Then the desired function ¢5 : R® - R can be defined via

P2(y) =D 27 poy(ye) for any y = (y1,-,yn) € R™
/=1

Then ¢5(y) € [0,1] for any y € R™ and ¢y can be implemented by a ReLU network,
independent of f, with

< (6(2K" +2)+(2+ 1))n +n+1=6n(2"" +2) +4n + 1 <25y
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parameters.

Step 5: Estimate the approximation error.

It remains to estimate the approximation error. By Equations (3.2), (3.4), and
(35)7 for £ € {1,2,"',71}, T ¢ Qﬁa .7 = Q(IG) =1+ ZgzlﬁiKi_l € {1727"'7Kd}7 and /6 €
{0,1,+, K = 1}% we have

G20 L061(x) = daoLohoo(g(x1),g(xa)) = $20 Loho o(B)
=y 0 L(4°P)) = g 0 L(47) = po(ay, ¥ ag, -, 4 ay,)
= Z 276¢275(4jag) = 224%7@ = 2245,3,@.
/=1 (=1 /=1
Then by Equation (3.3), for any € Qg and B €{0,1,---, K - 1}%, we get
[f(®) =20 Logi(x)|=|f(x) - f(xp)| +|f(wg) - d20 Lo g ()]
<oy (5 +|f (@a) - 352 Gad
-1
<wr () 4| f(mg) — bin0.Eg--Epn| < wp(Vd2) +277.
That is,
1f(x) = 0 Lody(x)| <wp(Vd2™) +27 for any x € [0,1]Q([0,1]% K, §).

Moreover, the fact ¢5(y) € [0,1] for any y € R implies [[¢2 0 £ o ¢1||pera) < 1. So we
finish the proof. [

3.3 Proof of Proposition 3.1

Before proving Proposition 3.1, let us introduce a notation to simplify the proof. We
use T, for m € N* to denote a “sawtooth” function satisfying the following conditions.

e 7, :[0,2m] — [0,1] is linear between any two adjacent integers of {0,1,---,2m}.

e 7,(2j)=0for j=0,1,-;m and 7,,(2j+1) =1 for j=0,1,---,m - 1.

2 — T
1.0 1.0 1.0 /\ /\ /\ 1.0
0.5 0.5 .5 / \/ \/ \ 0.5
0.0 0.0 0.0 0.(
2 3 4 5

1 p 0 2 B 4 0 1 6 0 p : 4 3 6

Figure 6: Illustrations of teeth functions 77, 73, T3 and 7j.

To simplify the proof of Proposition 3.1, we first introduce a lemma based on the
“sawtooth” function.

20



Lemma 3.2. Given any J e N* and 0; € {0,1} for j=1,2,---/J, seta= Z;-Izl 0,473, Then
T (4a) €[0,1/3] if0;=0 and T (4a)e[2/3,1] if6;=1, (3.6)
where Ty :[0,2x47] > [0,1] is a “sawtooth” function with 47 “teeth” defined just above.

Proof. Fix je{1,2,---,J}, we have

. Oor1l
) - J ) j-1 o — J o
Ya=4% 047" = > 0477 + 0+ Y e
i=1 i=1 i=j+1 (37)
N’ ————
= 4k for some k € N with k < £ ef0,1)

Clearly,
=t J L
Y04 e{dk:keN, k<4 [3} and 0< ) 0477 < Y 47 <1/3.
i=1 i=j+1 i=j+1
If ; = 0, then Equation (3.7) implies
4q €[4k, 4k +1/3] for some k e N with k <4771/3 <4/ -1,

which implies T;s(47a) € [0,1/3].
Similarly, if 6; = 1, then Equation (3.7) implies

Yae[4k+1,4k+1+1/3] for some k e N with k < 4771/3 <47 1,
which implies 7s(47a) € [2/3,1]. So we finish the proof. O

It is worth mentioning that the “sawtooth” function 7,, can be replaced by other
functions that also have a key property “the function values near even integers are much
larger than the ones near odd integers”.

With Lemma 3.2 in hand, we are ready to prove Proposition 3.1.

Proof of Proposition 3.1. By Lemma 3.2, we have
T (4a)€[0,1/3] if ;=0 and Tp(4a)e[2/3,1] if6;=1.

Define g(z) = 30(x - 1/3) = 30(x — 2/3) for any x € R, where o is ReLU, i.e., o(z) =
max{0,x}. See an illustration of ¢ in Figure 7. Clearly,

g(z)=0ifx<1/3 and g¢g(z)=1if z>2/3.

Hence, ¢ = g o Tys is the desired function. Obviously, ¢(z) € [0,1] for any x € R.
To verify Equation (3.1), we fix j € {1,2,--,J}. If 6; = 0, then Ty (47a) € [0,1/3],
implying ¢(4%a) = g o Tys(47a) = 0 = 0;. If 6; = 1, then T;s(47a) € [2/3,1], implying
b(Ha) = go T (Va) =10,

It remains to show ¢ = goT,s can be realized by a ReLLU network with the expected
width and depth. Clearly, 7,7 is a continuous piecewise linear function, which means
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(1./2.1)

LOOT —— 1] S A— 1)

g / (2/3,1) h

0.75 0.75

0.50 0.50

0.25 / 0.25

0.00 0.00

(1/3,0)
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00

Figure 7: Illustrations of g and h on [0,1].

it can be implemented by a one-hidden-layer ReLLU network. To make our construction
more efficient, we introduce another method to implement ¢.

Define h(z) =1-20(x -1/2) —20(1/2 - ) for any z € [0,1]. See an illustration of
h in Figure 7. Then, it is easy to verify that 77(2x) = h(z) for any x € [0,1] and h can
be implemented by a one-hidden-layer ReLU network with width 2. For any J e N*, it
is easy to verify that

T (22 2) =hoho--oh(z), forany xe[0,1].
| ——

2J+1 times

So, Ty limited on [0,2 x 47] = [0,22/*1] can be realized by a ReLU network with width
2 and depth 2J + 1. It follows that ¢ = g o 747 can be implemented by a ReLLU network
with width 2 and depth 2J + 2, which means we finish the proof. n

4 Conclusion

This paper studies the approximation error of ReLLU networks in terms of the number
of intrinsic parameters. Theorem 1.1 implies that, for any Holder continuous function
on [0,1]¢, a ReLU network with n + 2 intrinsic parameters can approximate f with an
error HAd*/22-o" measured in the LP-norm for p € [1,00), where a € (0,1] and A > 0 are
the Holder order and constant, respectively. Moreover, such a result can be generalized
from the LP-norm to the L*°-norm with a price of adding O(n) intrinsic parameters, as
shown in Theorem 1.2. Finally, we show in Theorem 1.3 that three intrinsic parameters
are enough to achieve an arbitrary error in the case of Holder continuous functions,
though this result requires high precision to encode these three parameters on computers.
Remark that this paper only focuses on the approximation error characterized by the
number of intrinsic parameters, the study of the optimization error and generalization
error will be left as future work.
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