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Abstract

This paper establishes optimal approximation error characterization of deep
ReLU networks for smooth functions in terms of both width and depth simulta-
neously. To that end, we first prove that multivariate polynomials can be approx-
imated by deep ReLU networks of width O(N) and depth O(L) with an approx-
imation error O(N~F*). Through local Taylor expansions and their deep ReLU
network approximations, we show that deep ReLU networks of width O(NN In V)
and depth O(LInL) can approximate f € C*([0,1]¢) with a nearly optimal ap-
proximation rate O( HfHC.g([m]d)N‘2$/dL_25/d). Our estimate is non-asymptotic in
the sense that it is valid for arbitrary width and depth specified by N € N* and
L € N*, respectively.

Key words. ReLU network, Smooth Function, Polynomial Approximation, Function
Composition.

1 Introduction

Deep neural networks have made significant impacts in many fields of computer
science and engineering especially for large-scale and high-dimensional learning prob-
lems. Well-designed neural network architectures, efficient training algorithms, and
high-performance computing technologies have made neural-network-based methods very
successful in tremendous real applications. Especially in supervised learning, e.g., im-
age classification and objective detection, the great advantages of neural-network-based
methods have been demonstrated over traditional learning methods. Mathematically
speaking, supervised learning is essentially a regression problem where the problem of
function approximation plays a fundamental role. Understanding the approximation ca-
pacity of deep neural networks has become a key question for revealing the power of
deep learning. A large number of experiments in real applications have shown the large
capacity of deep network approximation from many empirical points of view, motivating
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much effort in establishing the theoretical foundation of deep network approximation.
One of the fundamental problems is the characterization of the optimal approximation
rate of deep neural networks of arbitrary depth and width.

Previously, the quantitative characterization of the approximation power of deep
feed-forward neural networks (FNNs) with ReLU activation functions is provided in [27].
For ReLU FNNs with width O(N) and depth O(L), the deep network approximation
of f e C([0,1])? admits an approximation rate 5w(8v/dN-24[-2/1) in the LP-norm for
p € [1,00), where wy(-) is the modulus of continuity of f. In particular, for the class
of Lipschitz continuous functions, the approximation rate is nearly optimal.© The next
question is whether the smoothness of functions can improve the approximation rate.
In this paper, we investigate the deep network approximation of smaller function space,
such as the smooth function space C*([0,1]¢). Instead of discussing the approximation
rate in the LP-norm for p € [1,00) as in [27], we measure the approximation rate here in
the L*-norm. As we are only interested in functions in C*([0,1]%), the approximation
rates in the L°*°-norm implies the ones in the LP-norm for p € [1,00). To be precise, the
main theorem of the present paper, Theorem 1.1 below, shows that ReLU FNNs with
width O(N1InN) and depth O(LInL) can approximate f € C*([0,1]¢) with a nearly
optimal approximation rate O(| fcs(fo,1j2)N"2/4L=25/?), where the norm | - |
defined as

| /]

Theorem 1.1 (Main Theorem). Given a function f e C*([0,1]%) with s € N*, for
any N, L € N*, there exists a ReLU FNN ¢ with width C1d(N + 2)logy(4N) and depth
Co(L +2)logy(2L) + 2d such that

C([0,1]%) 1S

csoagey = max { 0% f| = (o11e) : [l < s, e N4}, for any feC*([0,1]9).

| f = &l 2= fo.179) < Csll fllos(oagey N 2/4L2514,

where Cy = 22544134 (Cy = 1852, and C3 = 85(s + 1)982.

As we can see from Theorem 1.1, the smoothness improves the approximation ef-
ficiency. When functions are sufficiently smooth (e.g., s > d), since O(N-2s/d[~25/d) <
O(N-2L72?), the approximation rate is independent of d. This means that the curse of
dimensionality can be reduced for sufficiently smooth functions. The proof of Theorem
1.1 will be presented in Section 2.2 and its tightness will be discussed in Section 2.3. In
fact, the logarithm terms in width and depth in Theorem 1.1 can be further reduced if
the approximation rate is weaken. Note that

O(NInN)=O(N) < O(N) = O(N/InN).
Applying Theorem 1.1 with N = O(Nlog N) and L = O(Llog L) and the fact that
(N/InN)/4(L/In L)% < O (N2 [ 7220 d)

for any p € (0,5s), we have the following corollary.

@ “nearly optimal” up to a logarithm factor.



Corollary 1.2. Given a function f € C*([0,1]?) with s € N*, for any N,L € N* and
p € (0,s), there exist C1(s,d), Cy(s,d), Cs(s,d,p),? and a ReLU FNN ¢ with width
C1N and depth CyL such that

|f = &) L (o172) < Cs| £

Theorem 1.1 and Corollary 1.2 characterize the approximation rate in terms of total
number of neurons (with an arbitrary distribution in width and depth) and smoothness
order of the function to be approximated. In other words, for arbitrary width O(/V) and
depth O(L), Theorem 1.1 and Corollary 1.2 provide nearly optimal approximation rates
O((25)72/%(L5)~2/%) and O(N-2(s=2)/dL-2(=p)/) for p € (0, s) (see Theorem 2.3 for the
optimality). The only result in this direction we are aware of in literature is Theorem 4.1
of [32]. It shows that ReL.U networks with width 2d + 10 and depth L achieve an nearly
optimal rate O((g) /) for sufficiently large L when approximating functions in the
unit ball of C*([0,1]¢). This result can be considered as a special case of Theorem 1.1
by setting N = O(1) and L sufficiently large.

The results obtained in [32] and this paper are for C*([0,1]¢) functions. For Lip-
schitz continuous functions, it is proved in [31] that the optimal rate for ReLU FNNs
with width 2d + 10 and depth O(L) to approximate Lipschitz continuous functions on
[0,1]¢ in the L*®-norm is O(L~2/%). For the purpose of deep network approximation with
arbitrary width and depth, the last three authors demonstrated in [27] that the optimal
approximation rate for ReLU FNNs with width O(N) and depth O(L) to approximate
Lipschitz continuous functions on [0,1]¢ in the LP-norm for p € [1,00) is O(N-2/4L-2/?).
We remark that, combined with the proof technique of Theorem 2.1 in this work, the
norm characterizing error of [27] can be improved to L*°-norm:; it will also remove the
log factors in the case of C'! functions in our results here.

The expressiveness of deep neural networks has been studied extensively from many
perspectives, e.g., in terms of combinatorics [22], topology [5], Vapnik-Chervonenkis
(VC) dimension [4, 25, 13], fat-shattering dimension [16, 1], information theory [24],
classical approximation theory [9, 15, 3, 31, 30, 6, 33, 8, 11, 12, 29, 23, 7, 2, 17, 20],
etc. In the early works of approximation theory for neural networks, the universal
approximation theorem [9, 14, 15] without approximation rates showed that, given any
e > 0, there exists a sufficiently large neural network approximating a target function
in a certain function space within the e-accuracy. For one-hidden-layer neural networks
and sufficiently smooth functions, Barron [3] showed an asymptotic approximation rate
O(ﬁ) in the L2-norm, leveraging an idea that is similar to Monte Carlo sampling for
high-dimensional integrals. All these related works are summarized in Table 1.

In literature, the approximation rate is often described in terms of the number of
parameters of neural networks. Most existing works aims at studying the connection
between the number of parameters (weights) and the approximation rates, e.g., smooth
functions [19, 18, 30, 10], piecewise smooth functions [24], band-limited functions [21],
continuous functions [31]. The key difference between these works and the results of
this paper is the variable of characterizing approximation rates. To be precise, results
in the papers mentioned above characterize the approximation rates in terms of the
number of parameters. To optimize the number of parameters for a given error, these

CS([Ojl]d)N—2(s—p)/dL—2(s—p)/d_

@¢;, for i = 1,2,3, can be specified explicitly and we leave the detailed discussion to reader.



Table 1: A summary of existing approximation rates of ReLU FNNs for Lipschitz con-
tinuous functions and smooth functions.

paper function class width depth accuracy Lr([0,1]4)-norm tightness valid for
(30] polynomial o(1) o(L) 0(27F) p=oo any L e N*
this paper  polynomial O(N) o(L) O(N-L) p=oo any N, L e N*
[26] Lip([0,1]%) O(N) 3 O(N-2/d) pell,00) nearly tight in N any N e N*
[31] Lip([0,1]%) 2d +10 O(L) O(L24) p=o0 nearly tight in L large L € N*
[27] Lip([0,1]%) O(N) O(L) O(N-2/d[-2/d) p=[1,00] nearly tight in N and L any N, L eN*
(28] Lip([0,1]%) O(N) O(L) O((N2L21n N)-V/4) p=[1,00] tight in N and L any N, L e N*
[32] C*([0,1]4) 2d +10 oO(L) O((L/In L)-2s/) p=oo neatly tight in L large L € N*
this paper  C*([0,1]¢) O(NInN) O(LInL) O(N-2s/d[~25/d) p=oo nearly tight in N and L any N, L eN*
this paper  C*([0,1]%) O(N) O(L)  O((N/InN)=2s/d(L[In L)-2s/d) p=o0 nearly tight in N and L any N, L eN*

papers construct very special network architectures, such as very deep but very narrow
networks, complicated networks generated by compositing shallow-wide sub-networks
and deep-narrow sub-networks, etc, while our approximation rates in Theorem 1.1 and
Corollary 1.2 are valid for arbitrary width and depth up to an absolute constant. This
gives us much more freedom to design neural networks for a good approximation. In
other words, it means the shape of our network architectures is a rectangle with free
choice of width and length, which is of more practical interest in real applications and
requires innovative constructive proofs.

The approaches characterizing approximation rates in terms of the number of pa-
rameters are unable to characterize the approximation rate of FNNs in terms of width
and depth simultaneously. Theorem 1.1 and the results in [26, 27] give an explicit
characterization of the approximation rate of FNNs in terms of width and depth, in
the non-asymptotic regime. Furthermore, applying Theorem 1.1, we have the following
corollary.

Corollary 1.3. Given any € > 0 and a function f in the unit ball of C*([0,1]¢) with
s € N*, there exists a ReLU FNN ¢ with O(e~¥?9)In 1) parameters such that

If =& L (oag2) S €

This corollary is followed by setting N = O(1) and ¢ = O(L?9/¢) in Theorem
1.1, which characterizes the approximation rate in terms of the number of parame-
ters. It is essentially equivalent to Theorem 4.1 of [32] by setting e = O(W 25/ In2/d W),
which presents that ReLLU networks with W parameters achieve an approximation rate
O(W-2/d1n*/* /) when approximating functions in the unit ball of C*([0,1]¢). As
shown here, we can straightforwardly deduce Corollary 1.3 and Theorem 4.1 of [32] from
Theorem 1.1. However, Theorem 1.1 can not be derived from any existing result that
characterizes approximation rates in terms of the number of parameters. Therefore,
Theorem 1.1 goes beyond existing results on the approximation of deep neural networks.

Finally, in a completely different approach, the authors of [17] establish the approx-
imation capabilities of deep learning models in the form of dynamical systems. This
approach focuses on the continuous-time idealization. The key advantage of this view-
point is that a variety of tools from the continuous-time analysis can be used to an-
alyze the approximation of deep neural networks. Furthermore, approximation results
in continuous-time have immediate consequences for its discrete counterpart, which can
be viewed as a deep, residual, fully-connected neural network, by a forward Euler dis-
cretization in time.



The rest of the present paper is organized as follows. In Section 2, we prove Theorem
1.1 by combining two theorems (Theorems 2.1 and 2.2) that will be proved later. We
will also discuss the optimality of Theorem 1.1 in Section 2. Next, Theorem 2.1 will
be proved in Section 3 while Theorem 2.2 will be shown in Section 4. Several lemmas
supporting Theorem 2.2 will be presented in Section 5. Finally, Section 6 concludes this
paper with a short discussion.

2 Approximation of smooth functions

In this section, we will prove the quantitative approximation rate in Theorem 1.1 by
construction and discuss its tightness. Notations throughout the proof will be summa-
rized in Section 2.1. The proof of Theorem 1.1 is mainly based on Theorem 2.1 and 2.2,
which will be proved in Section 3 and 4, respectively. To show the tightness of Theorem
1.1, we will introduce the VC-dimension in Section 2.3.

2.1 Notations

Now let us summarize the main notations of the present paper as follows.

e Let 15 be the characteristic function on a set S, i.e., 1g equals to 1 on S and 0
outside of S.

e Let B(x,r) c R be the closed ball with a center & ¢ R¢ and a radius r.

e Similar to “min” and “max”, let mid(xy, 25, x3) be the middle value of three inputs
71, T, and 3@, For example, mid(2,1,3) = 2 and mid(3,2,3) = 3.

e The set difference of two sets A and B is denoted by A\B:={x:x € A, x ¢ B}.
e For any z € R, let |z|:=max{n:n<x, neZ} and [z]:=min{n:n>x, neZ}.

e Assume m € N?, then f(n) = O(g(n)) means that there exists positive C' indepen-
dent of n, f, and g such that f(n) < Cg(n) when all entries of n go to +oo.

e The modulus of continuity of a continuous function f € C'([0,1]¢) is defined as
wi(r) =sup{|f(z) = f()]: |z -yl2 <7 2,y €[0,1]7}, for any r>0.

e A d-dimensional multi-index is a d-tuple & = [, g, -+, g7 € N2, Several related
notations are listed below.

= lelly = laa + Jaa] + -+ eul;

a1 .02

— x> =g 25?5, where @ = [21, 29, -+, 24]T;

— al=aqlasg!ay!;

®“mid” can be defined via mid(z1, 22, x3) = T1 + T2 + 23 —max(x1, Te, r3) — min(xy, 2, x3), which can
be implemented by a ReLU FNN.



oy 5] g -
Oz * Oxqy Oz,

— Ho = %1 92 9%d

e Given K € N* and § > 0 with 6 < &, define a trifling region Q(XK,4§,d) of [0,1]¢ as
@
d

(K, 5,d) = U{m = (21, 29, -+ wg] T g € UG (E = 5, & } (2.1)

i=1
In particular, Q(K,0,d) = @ if K = 1. See Figure 1 for two examples of trifling
regions.

B (K, 5,d)for K=4andd=2

| w—O)({,0,d) for K =5and d =11 100

5; 5§ 5; 5; : 0.50

i | | s | | o0
0.0 0.2 0.4 0.6 0.8 1.0

(a)
Figure 1: Two examples of trifling regions. (a) K =5,d=1. (b) K =4,d=2.

e We will use NN as a ReLU neural network for short and use Python-type notations
to specify a class of NNs, e.g., NN(cy; co; -+ ¢,,) is a set of ReLU FNNs satisfying
m conditions given by {c¢;}1<i<m, each of which may specify the number of inputs
(#input), the total number of nodes in all hidden layers (#node), the number
of hidden layers (depth), the number of total parameters (#parameter), and the
width in each hidden layer (widthvec), the maximum width of all hidden layers
(width), etc. For example, if ¢ € NN(#input = 2; widthvec = [100,100]), then ¢
satisfies

— ¢ maps from R? to R.
— ¢ has two hidden layers and the number of nodes in each hidden layer is 100.

e The expression “a network with width N and depth L” means

— The maximum width of all hidden layers is no more than V.
— The number of hidden layers is no more than L.
e For z €[0,1), suppose its binary representation is x = Y72, ,27¢ with x, € {0,1},

we introduce a special notation Bin0.zix5---x to denote the L-term binary repre-
sentation of z, i.e., Yp, 1,277

@The trifling region here is similar to the “don’t care” region in our previous paper [27].



2.2 Proof of Theorem 1.1

The introduction of the trifling region (K, J, d) is due to the fact that ReLU FNNs
cannot approximate a step function uniformly well (as ReLU activation function is con-
tinuous), which is also the reason for the main difficulty of obtaining approximation
rates in the L*([0,1]?)-norm in our previous papers [26, 27]. The trifling region is a key
technique to simplify the proofs of theories in [26, 27| as well as the proof of Theorem 1.1.
First, we present Theorem 2.1 showing that, as long as good uniform approximation by a
ReLU FNN can be obtained outside the trifling region, the uniform approximation error
can also be well controlled inside the trifling region when the network size is increased.
Second, as a simplified version of Theorem 1.1 ignoring the approximation error in the
trifling region Q(K,6,d), Theorem 2.2 shows the existence of a ReLU FNN approximat-
ing a target smooth function uniformly well outside the trifling region. Finally, Theorem
2.1 and 2.2 immediately lead to Theorem 1.1. Theorem 2.2 can be applied to improve
the theories in [26, 27] to obtain approximation rates in the L* ([0, 1]¢)-norm.

Theorem 2.1. Given e >0, N,L, K ¢ N*, and § € (03], assume f € C([0,1]¢) and o
1s a ReLU FNN with width N and depth L. If

[f(@) - ()| <&, for any x € [0,1]\Q(K, 6, d),

then there exists a new ReLU FNN ¢ with width 34(N +4) and depth L+ 2d such that
|f(z) - d(x)| <e+d-ws(d), forany xel0,1]%

Theorem 2.2. Assume that f € C*([0,1]?) satisfies [0 f| o ([o,170) < 1 for any o € N4

with |a|1 < s. For any N,L € N*, there exists a ReLU FNN ¢ with width 21s¥1d(N +
2)logy(4N) and depth 18s?(L + 2)logy(2L) such that

[f = 0l L roa1nvaqi.aay) < 84(s +1)8° N2/ L2504,
where K = |[NY|2|L?4] and 0 <6 < 5.

We first prove Theorem 1.1 assuming Theorem 2.1 and 2.2 are true. The proofs of
Theorem 2.1 and 2.2 can be found in Section 3 and 4, respectively.

Proof of Theorem 1.1. Define f = [Tm— set K = |[N-2/4||L-'4]2) and choose § €
Ccs([0,1

(0,%) such that ws(§) < N-2s/4[-25/d By Theorem 2.2, there exists a ReLU FNN ¢
with width 21s¥1d(N + 2)log,(4N) and depth 18s?(L + 2) log,(2L) such that

|f- $||L°°([0,1]d\Q(K,5,d)) <84(s+1)Ig N2/ 2/d,

By Theorem 2.1, there exists a ReLU FNN ¢ with width 34(21s%1d(N+2)log,(4N)+3) <
2254134d(N + 2)log,(4N) and depth 18s2(L + 2)log,(2L) + 2d such that

£ dQs Nf-2s/d T -2s/d X dQs Nf-2s/d T -2s/d
L hS hS .

17 = @l eqpogey < 84(s + 1)18 N-25/4L 2514 4 . 4y (8) < 85(s + 1)98* N2/,
Finally, set ¢ = | f|

Cs([0,1]¢) qf_), then

|f =&l e oayey = 1flesoars 1F = Ol e (oa70) < 85(s +1)78°| f]
which finishes the proof. O

Cs([(),l]d)N_Zs/dL_Qs/d,




2.3 Optimality of Theorem 1.1

In this section, we will show that the approximation rate in Theorem 1.1 is asymp-
totically nearly tight. In particular, the approximation rate O(N-(2s/d+p) [-(2s/d+p)) for
any p > 0 is not attainable, if we use ReLU FNNs with width O(N1InN) and depth
O(LInL) to approximate functions in .%; 4, where %, , is the unit ball of C*([0,1]9)
defined via

Foa={feC([0,1]") : |0%f|| z=(oagey < 1, for all o e N with e[ < s}.

Theorem 2.3. Given any p,C1,C2,C5 >0 and s,d € N*, there exists f € F 4 such that,
for any Jy >0, there exist N, L € N* with NL > Jy satisfying

—fl e > (O N~ (28/d+p) [ ~(25/d+p)
d)eNN(widthSC&NllIr}N; depth<C2LIn L) ”¢ f”L ([0.1]%) = 3

Theorem 2.3 will be proved by contradiction. Assuming Theorem 2.3 is not true, we
have the following claim, which can be disproved using the VC dimension upper bound
in [13].

Claim 2.4. There exist p,C,Cs,C5 >0 and s,d € N* such that, for any f € F,q, there
exists Jy = Jo(p, C1,Co, Cs, s,d, f) >0 satisfying

inf ~ fllz= < CN-(2sldrp) [ ~(2s]d+p)
¢>eNN(widthsclN11£lN; depth<CaLIn L) |6 = Flle=o110) < Cs ;

for all N, L e N* with NL > Jj.
What remaining is to show that Claim 2.4 is not true.

Disproof of Claim 2.4. Recall that the VC dimension of a class of functions is defined
as the cardinality of the largest set of points that this class of functions can shatter.
Denote the VC dimension of a function set F by VCDim(F). Set N = C;NIn N and
L =CyLInL. Then by [13], there exists Cy > 0 such that

VCDim(NN(#input = d; width < N; depth < E))

—— —~ ~ e ~ 2.2
<CyNL+d+2)(N+1)LIn((NL+d+2)(N+1)):=b,(N,L), (22)
which comes from the fact the number of parameter of a ReLU FNN in NN(#input =
d; width < N;depth < L) is less than (NL+d+2)(N +1).
Then we will use Claim 2.4 to estimate a lower bound by(N, L) = [(NL)a*% |4 of

VCDim(NN(#input = d; width < N;depth < L)),

and this lower bound is asymptotically larger than b, (N, L), which leads to a contradic-
tion.

More precisely, we will construct {fz: 5 € A} € .Z; 4, which can shatter b,(N, L) =
K points, where 2 is a set defined later and K = [(NL)a*%|. Then by Claim 2.4,
we will show that there exists a set of ReLU FNNs {¢g : 8 € #} with width bounded
by N and depth bounded by L such that this set can shatter b,(N, L) points. Finally,



be(N,L) = K¢ = |(NL)a*# | is asymptotically larger than b,(N,L), which leads to a
contradiction. More details can be found below.
Step 1: Construct {fs: 5 € B} < .F; 4 that scatters b,(N, L) points.

First, there exists g€ C*([0,1]%) such that §(0) =1 and g(x) = 0 for |z, > 1/3.®
And we can find a constant Cs > 0 such that g :=G/Cs € Z 4.
Divide [0,1]? into K¢ non-overlapping sub-cubes {Qg}¢ as follows:

QO = {w = [x17$27'”7$d]T € [Oa 1:|d ‘I € [0};17 %]7 L= 1727"'7d}7

for any index vector @ = [01,04,+,04]T € {1,2,---, K}¢. Denote the center of Qg by xg
for all @ € {1,2,---, K}?. Define

B = {5 : fis a map from {1,2,--, K}¢ to {-1, 1}}
For each (3 € &, we define, for any x € R9,

fo(z) = { >, } K~*B(0)ge(x), where go(z)=g(K - (- zp)).
0e{1,2,-- K}d

We will show f5 € % 4 for each S € {1,2,--- K}4. We denote the support of a function h
by supp(h) = {x : h(x) # 0}. Then by the definition of g, we have
Supp(gg) S %Q@a for any 0 € {17 2a ) K}d7

where %Qe denotes the cube satisfying two conditions: 1) the sidelength is 2/3 of Qg’s;
2) the center is the same as Qg’s.
Now fix 0 € {1,2,---, K}% and 8 € A, for any @ € Qy and « € N¢ we have

0% fg(z) = K~°5(0)0%go(x) = K—*B(0) K11 9%g( K (x - z0)),

which implies [0 f5(z)| = |K~(-lelDgeg( K (w-w6))| < 1if || < 5. Since 0 is arbitrary

and [0,1]? = Uge(1 2, 32Qa, We have fz € .F, 4 for each § e . And it is easy to check

that {fz: 0 € #} can shatter {mg :0e{1,2, ---,K}d}, which has by,(N, L) = K¢ elements.
Step 2: Construct {¢g: 3 € B} based on {fs: € B} to scatter b,(N, L) points.

By Claim 2.4, for each fs € {fs : 5 € A}, there exists Js > 0 such that, for all
N, L eN with NL > Jg, there exists ¢ € NN(width < N;depth < L)

fa(®) — pa(a)| < Co(NL) =G for any @ € [0,1],

Set J; = max{Js : § € #}. Note that there exists J, > 0 such that, for N,L e N*
with NL > J,, .
& = GUNL)TE > Cy(NL) =),
Now fix e Z and 0 € {1,2,--, K}4, for N, L e N* with NL > max{.J;, Jo}, we have

[fs(x6) = K*go(x) = L= > C5(NL) (a9 > | f5(zg) — d(wo)].

®For example, we can set §(x) = C’exp(m) if |x]2 < 1/3 and §(x) = 0 if |z|2 > 1/3, where C is
2

a proper constant such that §(0) = 1.



In other words, for any € % and 6 € {1,2,--, K}4, fs(xg) and ¢p(xe) have the
same sign. Then {¢p : 5 € A} shatters {.’139 :0e{1,2,-, K}d} since {fs : f € A} shatters
{:139 :0e{1,2, ---,K}d} as discussed in Step 1. Hence,

VCDim({¢s: e B}) > K*=by(N,L), (2.3)

for N, L € N* with NL > max{.J;, J>}.
Step 3: Contradiction.
By Equation (2.2) and (2.3), for any N, L € N with NL > max{J;, J2}, we have
be(N, L) < VCDim({¢s : # € #}) < VCDim(NN(width < N; depth < L)) < b,(N, L),
implying that
[(NL)X#elC0|d < Oy (IN +d+2)(N + 1)IIn ((ZN +d+2)(N +1))
_ (W2 T2 n(R2T))
= O((CN I NYX(CoLIn L)*In ((CyN I N)*CoLIn L) ),
which is a contradiction for sufficiently large N, L € N. So we finish the proof. O

We would like to remark that the approximation rate O(N-(2s/d+p1) [~(2s/d+p2)) for
p1, p2 2 0 with p; + po > 0 is not achievable either. The argument follows similar ideas as
in the proof above.

3 Proof of Theorem 2.1

Intuitively speaking, Theorem 2.1 shows that: if a ReLU FNN g approximates f
well except for a trifling region, then we can extend g to approximate f well on the whole
domain. For example, if g approximates a one-dimensional continuous function f well
except for a region in R with a sufficiently small measure §, then mid(g(x+(5), g(x),g(x-

) )) can approximate f well on the whole domain, where mid(,-,-) is a function returning
the middle value of three inputs and can be implemented via a ReLU FNN as shown in
Lemma 3.1. This key idea is called the horizontal shift (translation) of ¢ in this paper.

Lemma 3.1. There exists a ReLU FNN ¢ with width 14 and depth 2 such that
mid(zy, x9, x3) = ¢(21, T2, x3).
Proof. Let o be the ReLLU activation function, i.e., o(x) = max{0,z}. Recall the fact
rx=0(x)-o(-z) and |z|=0(z)+0o(-z), forany zeR.
Therefore,

max(z,7s) = %Im—mzl = 30(z1 + x2) - $0(—21 — 12) + 50(21 — 22) + 50 (22 — 11).
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So there exists a ReLU FNN ¢, with width 4 and depth 1 such that ¥ (z1,z2) =
max(z1,xs) for any x1, x5 € R. So for any x1, 29,23 € R,

max(z, T, x3) = max(max(xl,xz),xg) = ¢1(¢1(x1,x2),a(:vg)—a(—xg)) = ¢1(x1, T2, 73).

So ¢; can be implemented by a ReLU FNN with width 6 and depth 2. Similarly, we can
construct a ReLU FNN ¢, with width 6 and depth 2 such that

G2(21, 0, 23) = min(xy, 29, x3), for any xy, 9,23 € R.
Notice that

mid(xy, T2, 23) = 1 + X9 + x3 — max(xy, T2, x3) — min(xy, xe, x3)

= U(.Z'l + To +$3) —O'(—fﬂl ) —513'3) —¢1(l’1,$2,$3) — ¢2(£L’1,(132,.Z'3).

Hence, mid(z1,xs,x3) can be implemented by a ReLU FNN ¢ with width 14 and depth
2, which means we finish the proof. O

The next lemma shows a simple but useful property of the mid(z, x9, x3) function
that helps to exclude poor approximation in the trifling region.

Lemma 3.2. For anye >0, if at least two of {x1,xa, x5} are in B(y, ), then mid(x1, z2,23) €

B(y,e).

Proof. Without loss of generality, we may assume x1, x5 € B(y,¢) and 27 < x5. Then the
proof can be divided into three cases.

1. If x5 < 21, then mid(xq, 29, 23) = 21 € B(y, ¢).
2. If 1 < w3 < 9, then mid(xq,x9,23) =23 € B(y,€) since y—e <y <x3<m0 <Y +€.
3. If x5 < x3, then mid(xy, z2,23) = 29 € B(y, €).
So we finish the proof. O
Next, given a function g approximating f well on [0,1] except for a trifling region,
Lemma 3.3 below shows how to use the mid(xy,x9,x3) function to construct a new

function ¢ uniformly approximating f well on [0,1], leveraging the useful property of
mid(xy, 2, z3) in Lemma 3.2.

Lemma 3.3. Given e >0, K e N*, and § >0 with § < ?%K, assume g 1s defined on R and
f,9€C([0,1]) with

|f(x)—g(x)| <e, forany ze[0,1\QK,0,1).

Then
|p(x) = f(z)|<e+ws(d), forany ze[0,1],

where
o(x) = mid(g(a: -9),9(x),g(x+ 5)), for any x € R.

11



Proof. Divide [0,1] into K parts Q. = [£, 52 ] for k= 0,1, -, K- 1. For each k, we write

Qr = Qi1 Y QraUQr3UQpa,

where Qg1 = [%;% + 4], Qra2 = [% +5,I€Ki - 260], Qi3 = [% _257%1 - 6], and Qra =
[m_(g @]
K K

5 1/K — 36 5

== %
*

Q.1 Qa2 Qr3 Qra

Figure 2: Illustrations of Qy; for ¢ =1,2,3,4.
Notice that Qgi14 € [0, 1]\Q(K,0,1) and Q; € [0,1]\Q(K,0,1) for k =0,1,-, k-

1, i=1,2,3. For any k €{0,1,--, K — 1}, we consider the following four cases.
Case 1: x € Q1.

If © € Qra, then z € [0,1\Q(K,0,1) and x +0 € Q2 U Qrs S [0,1\Q(K,5,1). It
follows that

g(x) e B(f(a:),&t) c B(f(x),5+wf(5))

and

gz +0) e B(f(a:+5),5) C B(f(:r:),5+wf(5)).
By Lemma 3.2, we get

mid(g(z - 9),g(z), g(z +9)) eB(f(x),e+wf(5)).
Case 2: z € Q2.
If € Qpa, then x -6, z,2+6 € [0, 1]\QK,,1). It follows that
g(x =6),9(x), g(x +0) e B(f(x),e) € B(f(x),e +w;(9)),
which implies by Lemma 3.2 that
mid(g(x—5),g(:r),g(x+5)) € B(f(x),€+wf(5)).
Case 3: € Q3.

If v € Qgs, then x € [0,1\Q(K,6,1) and x - € Q1 U Qra € [0,1\Q(K,0,1). It
follows that

g(z) e B(f(x),a) c B(f(:z:),5+wf(6))

and

g(z-0) e B(f(x-6).¢) € B(f(x),e+ws(6)).
By Lemma 3.2, we get

mid(g(w—é),g(a:),g(a:+6)) eB(f(x),5+wf((5)).
Case 4: z € Qp 4.

If x € Qp.4, we can divide this case into two sub-cases.
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o If k€ {0,1,- K -2}, then z -6 € Q3 € [0,1]\Q(K,0,1) and z +0 € Qg1 C
[0, 1\Q2(K,6,1). It follows that

g(x-38) e B(f(w-0),2) < B(f (), +wy(5))

and
g(z+0) € B(f(a:+ 6),5) c B(f(x),5+wf(5)).
By Lemma 3.2, we get

mid(g(x -0),9(x),g(x+ 5)) € B(f(x),aerf((S)).

o If k=K -1, then x € Qg_14 S [0, 1]\Q2(/K,0,1) and -6 € Q3 € [0, 1]\Q(K,9,1).
It follows that
g(z) e B(f(m),é) c B(f(m),s + wf(é))
and
g(x-9)e€ B(f(:v—é),e) c B(f(a:),5+wf(5)).
By Lemma 3.2, we get

mid(g(w—é),g(x),g(x+5)) eB(f(a:),5+wf(§)).
Since [0,1] = UkK:E)l( Ui, Q(k,z')), we have

mid(g(x -48),9(x),g(x+ (5)) € B(f(x),e +wf((5)), for any x € [0,1].
Notice that ¢(z) = mid(g(z - 6), g(z), g(z +§)), it holds that
|p(z) — f(x)| <e+wp(d), for any x € [0,1].

So we finish the proof. O

The next lemma below is an analog of Lemma 3.3.
Lemma 3.4. Given ¢ >0, K e N*, and § € (0, 5], assume f,g e C([0,1]¢) with
|f(z) - g(x)|<e, forany xe[0,1]\Q(K,0,d).
Let ¢o = g and {e;}2, be the standard basis in R?. By induction, we define
Gi1(x) = mid(qbl-(zc -dei), di(x), pi(x + 5ei+1)), for i=0,1,---,d - 1.
Let ¢ = ¢4, then

|f(z) - ¢(z)| <e+d-ws(5), forany xel0,1]%
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Proof. For £=0,1,---,d, we denote
Ep={x =21, 29, 34]" 1 2;€[0,1] for i <, z; € [0,1\Q(K,6,1) for j > (}.

Notice that Ey = [0,1]9\Q(K,,d) and E, = [0,1]¢. See Figure 3 for the illustration of

mm Eiforl=0 mm Eiforl=1 mm Eiforl=2

0.00 025 050 075 1.00

Figure 3: Illustrations of E, for £=0,1,2 and K = 4.

We would like to construct ¢g, ¢1, -+, ¢4 by induction such that, for each £ € {0,1,---,d},

ge(x) € B(f(z),e+ 0 -wp(d)), for any x € Ey. (3.1)

Let us first consider the case ¢ = 0. Notice that ¢y = g and Ey = [0, 1]\Q(K,0,d)
for any 6 € {0,1,---,d}?. Then we have

do(x) € B(f(:l:),s), for any x € Ej.

That is, Equation (3.1) is true for ¢ = 0.
Now assume Equation (3.1) is true for ¢ = i. We will prove that it also holds for
¢=1+1. For any @l =[x, 25, Ti10, -, 24]T € R we set

¢w[i](t) = ¢i(£l}1, "',il]i,t,il}i_'.g, "',ill'd), for any te R,

and
fw[i] (t) = f(l’l, Xy, t, Tit2, "y .’I?d), for any teR.
Since Equation (3.1) holds for ¢ = 4, by fixing x1, -+, x; € [0, 1] and x;49, -, 24 € [0, 1]\Q(K, 0, 1),

we have

Gi(x1, Tyt Tipn, o g) € B(f(xl, e Xyt iy, L), E O wf(é)),

for any ¢ € [0, 1]\Q2(K,0,1). It holds that

Y (t) € B(fw[i](t),s + i-wf(é)), for any t € [0, 1]\Q(K, 4, 1).

Then by Lemma 3.3, we get

mid(ww[i](t = 08), Uit (1), g (t + 5)) € B(fw[i](t),a +(i+ l)wf(é)), for any t € [0,1].
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That is, for any ;.1 =t € [0,1],

mid(¢i(xla e Xy T — 0, Tiga, oo, $d), ¢i($1, e xd), ¢i($1, Ty Tie1 + 0, Tigo, oo, Id))
€ B(f(xl,---,xd),s +(i+ 1)wf(5)).

Since 1, x; € [0,1] and x40, 24 € [0, 1]\Q(K,J,1) are arbitrary, then for any « €
Ei+17
mid(gbi(ac —-dei1), pi(x), pi(x + 5ei+1)) € B(f(m),e + (i + 1)wf(<5)),

which implies
Gin(x) € B(f(zc),g +(i+ 1)wf((5)), for any @ € E;,;1.

So we show that Equation (3.1) is true for £ =1+ 1.
By the principle of induction, we have

d(x) = gg(x) € B(f(zc),g + d-wf(é)), for any x € E; = [0,1]%.

Therefore,
lo(x) - f(x)| <e+d-wp(5), forany xe[0,1]7,

which means we finish the proof. O

Now we are ready to prove Theorem 2.1.

Proof of Theorem 2.1. Set ¢ = ¢ and define ¢; for i = 1,2, ---,d—1 by induction as follows:

¢i+1($) = mid(¢i($ - 5€i+1)> ¢i($)7 ¢i($ + 5€i+1)), fori=0,1,---,d-1.
Notice that ¢g = 518 a ReLU FNN with width N and depth L and mid(z, xs,x3) can be
implemented by a ReLU FNN with width 14 and depth 2. Hence, by the above induction
formula, ¢4 can be implemented with a ReLU FNN with width 3¢ max{N,5} < 3¢(N +4)
and depth L + 2d. Finally, let ¢ = ¢4. Then by Lemma 3.4, we have

1f(x) - p(x)| <e+d wp(d), forany xel0,1]%

So we finish the proof. O

4 Proof of Theorem 2.2

In this section, we prove Theorem 2.2, a weaker version of the main theorem of
this paper (Theorem 1.1) targeting a ReLU FNN constructed to approximate a smooth
function outside the trifling region. The main idea is to construct ReLU FNNs through
Taylor expansions of smooth functions. We first discuss the sketch of the proof in Section
4.1 and give the detailed proof in Section 4.2.
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4.1 Sketch of the proof of Theorem 2.2

Let K = O(N?4L%/4). For any 6 € {0,1,--, K —1}¢ and x € {z : % <z < 01;51, i=
1,2, d}, there exists &, € (0,1) such that

o0*f(6 o o0 f(0 x o .
)= 3 e SUOe 7 7,0
a1<55— af1=Ss

where h(z) =z - £. It is clear that the magnitude of % is bounded by O(K~*) =

O(N-2s/d[,~25/%) " So we only need to construct a ReLU FNN ¢ € NN(Width <O(N); depth <
O(L)) to approximate
G- Y LU pa

axfr<s-1

with an error O(N-2s/4[-25/d)  To approximate .7, well by ReLU FNNs, we need three
key steps as follows.

e Construct a ReLU FNN P, to approximate the polynomial h® for each a € N¢
with |lal; <s-1.

e Construct a ReLU FNN %) to approximate a step function that reduces the function
approximation problem to a point fitting problem at fixed grid points. For example,
a ReLU FNN mapping « to /K if z; € [0;/K,(0; + 1)/K) for ¢ = 1,2,---,d and
0¢{0,1,--, K -1}

e Construct a ReLU FNN ¢, to approximate 0% f via solving the point fitting prob-
lem in the last step, i.e., ¢o fits 0%f on given grid points for each a € N with
||aH1 <s-1.

We will establish three propositions corresponding to these three steps above. Before
showing this construction, we first summarize several propositions as follows. They will
be applied to support the construction of the desired ReLLU FNNs. Their proofs will be
available in the next section.

First, we construct a ReLU FNN P, to approximate h® according to Proposition
4.1 below, a general proposition for approximating multivariable polynomials.

Proposition 4.1. Assume P(x) = x® = z" 25?25 for o € N with |a|, = k > 2.

For any N, L € N*, there exists a ReLU FNN ¢ with width 9(N + 1) + k — 2 and depth
Tk(k —1)L such that

lp(x) - P(x)| <9(k - 1)(N + 1)L for any x € [0,1]<.

Proposition 4.1 shows that ReLU FNNs with width O(N) and depth O(L) is able
to approximate polynomials with the rate O(N)-©(5). This reveals the power of depth in
ReLU FNNs for approximating polynomials, from function compositions. The starting
point of a good approximation of functions is to approximate polynomials with high
accuracy. In classical approximation theory, approximation power of any numerical

®Notice that Ylafi=s 18 short for 3o, =5, aena- For simplicity, we will use the same notation through-
out the present paper.
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scheme depends on the degree of polynomials that can be locally reproduced. Being
able to approximate polynomials with high accuracy of deep ReLU FNNs plays a vital
role in the proof of Theorem 1.1. It is interesting to study whether there is any other
function space with reasonable size, besides polynomial space, having an exponential
rate O(N)=9) when approximated by ReLU FNNs. Obviously, the space of smooth
function is too big due to the optimality of Theorem 1.1 as shown in Theorem 2.3.

Proposition 4.1 can be generalized to the case of polynomials defined on an arbitrary
hypercube [a,b]?. Let us give an example for the polynomial xy below. Its proof will be
provided later in Section 5.

Lemma 4.2. For any N,L ¢ N* and a,b e R with a <b, there exists a ReLU FNN ¢ with
width ON + 1 and depth L such that

|p(z,y) —2y| <6(b-a)?N~L, for any z,y € [a,b].

Second, we construct a step function 1 mapping x € {z : % <z < 0?1, i=1,2,-,d}
to %. We only need to approximate one-dimensional step functions, because in the
multidimensional case we can simply set 1p(x) = [¥(x1), ¥ (x2), -, ¥ (xq)]T, where ¥ is a
one-dimensional step function. In particular, we shall construct ReLU FNNs with width
O(N) and depth O(L) to approximate step functions with O(K) = O(N?/4L2/4) “steps”
as in Proposition 4.3 below.

Proposition 4.3. For any N,L,d e N* and § > 0 with K = [NY]2| L] and § < 7,

there exists a one-dimensional ReLU FNN ¢ with width 4N +5 and depth 4L + 4 such
that
p(r)=%, fwe[£,B-60 -1y ] for k=0,1,-+, K -1.

Finally, we construct a ReLU FNN ¢, to approximate 0% f via solving a point fitting
problem, i.e., we only need ¢, to approximate 0 f well at grid points { %} as follows

‘cﬁa(%) - 80‘f(%)‘ <O(N72s/d725/d)  for any @ € {0,1,---, K - 1}%.

We can construct ReLU FNNs with width O(sNInN) and depth O(LInL) to fit
O(N?2L?) points with an error O(N25L-2%) by Proposition 4.4 below.

Proposition 4.4. Given any N,L,s € N* and & € [0,1] fori=0,1,---,N?2L? -1, there
erists a ReLU FNN ¢ with width 8s(2N +3)log,(4N) and depth (5L + 8)log,(2L) such
that

1. ]6(i) - &| < N2L25, fori=0,1,-, N2L? - 1;
2. 0<o(t) <1, for any t e R.

The proofs of Proposition 4.1, 4.3, and 4.4 can be found in Section 5.1, 5.2, and
5.3, respectively. Finally, let us summarize the main ideas of proving Theorem 1.1 in
Table 2.
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Table 2: A list of ReLU FNNs, their sizes, approximation targets, and approximation
errors. The construction of the final network ¢() is based on a sequence of sub-networks
listed before ¢(x). Recall that h(x) = x — ¢ (x).

Target function ReLU FNN Width Depth Approximation error
Step function P(x) O(N) O(L) No error out of Q(K,d,d)
122 &(z1, 32) O(N) o(L) & = O((N +1)2s(L+D)
he Po(h) O(N) o(L) & =O((N +1)7(+D)
oxf(y(z)) da(P(z)) O(NlnN) O(LInL) & = O(N-2L%)
2SI @) pa Y o(%==D, py(h) O(NInN) O(LInL) O(& + &+ &)
Jef<s-1 ) [ex<s-1 )
py( z O(|h||3* + & + & + &
/@) 0@ = 3 A= Pue-w(@) oY) onn) ORI,

4.2 Constructive proof

According to the key ideas of proving Theorem 2.2 we summarized in the previous
sub-section, we are ready to present the detailed proof.

Proof of Theorem 2.2. The detailed proof can be divided into three steps as follows.

Step 1: Basic setting.

Let Q(K, §,d) partition [0,1]¢ into K¢ cubes Qg for 6 € {0,1,---, K — 1}¢. In partic-
ular, for each 0 = [6;,60s,---,04]" € {0,1,---, K — 1}4, we define

QG = {SC = [Il,l'g,"‘,l'd]T 1T € [%’7 ei};l ~0- 1{9¢<K—1}]7 L= 1727"'7d}'

It is clear that [0,1]? = Q(K,,d) U ( Ue{0,1, K1} Qg). See Figure 4 for the illustration
of Qg.

2 i : : : : i I- SZI(K,&d) ‘for K:I4, (1:2‘
i T— Q(K, (5, d) for K = 5, d=1 i Qo for 6 € {0,1,2,3}
1; — Q9f0r96{0,1,2,3,4} i
.
01 #
Qo 1@ 1@ 1@ @y
) S S S R

0.0 0.2 0.4 0.6 0.8 1.0
(a)
Figure 4: Illustrations of Qg for 8 € {0,1,-, K -1}4. (a) K =5, d=1. (b) K =4, d=2..

By Proposition 4.3, there exists a ReLU FNN v with width 4N +5 and depth 4L +4
such that

¢($) = %7 ifxe [%, % -0 1{k<K71}] for k = 0717...7K_ 1.
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Then for each 6 € {0,1,+, K - 1}4, ¢(x;) = % if x € Qg for i =1,2,-+,d.
Define
,(b(w) = [w(gﬂl)a¢(172)7“'7¢(17d)]Ta for any x € [07 1]d7
then
PY(x)=L fxeQy, fore{0,1, K-1}"

Now we fix a @ € {0,1,---, K — 1} in the proof below. For any @ € Qg, by the Taylor
expansion, there exists a &, € (0,1) such that

fl®)= > —aaf(;/;(m))ho‘ + > —aaf(wg)J'&”h)ho‘, where h = x — ().

lef1<s-1 leli=s

Step 2: The construction of the target ReLU FNN.
By Lemma 4.2, there exists ¢ € NN(width < 9N + 10; depth < 2sL + 2s) such that

|o(1,5) — 15| < 216(N +1)"25U4D = & for any 1,25 € [-3,3]. (4.1)

If 2 < |a|; £ s-1, by Proposition 4.1, there exist ReLU FNNs P, with width

IN+1)+ || —2<9IN +s+6 and depth 7s(|le|; —1)(L +1) <7s?(L + 1) such that
|Po() — 2% <9(|laefy = 1)(N +1)7ED < 95(N + 1)7*ED - for any « € [0, 1]7.

And it is trivial to construct ReLU FNNs P, to approximate ® when | a; < 1. Hence,
for each o € N¢ with |||, < s—1, there always exists P, € NN(width < 9N +s+6; depth <
7s2(L + 1)) such that

|P.(x) — x| < 9s(N + 1)) = & for any « € [0,1]% (4.2)
For each 1 =0,1,---, K¢ -1, define
n(i) = [z, na]” €01, K -1}
such that é n; K37t = i. We will drop the input ¢ in n(7) later for simplicity. For each
a € N? with |a|; < s-1, define
Eai = (0°f(F£) +1)/2,

Notice that K9 = ([NV4[2[L2/4))" < N2L? and £ € [0,1] for i = 0,1, K¢~ 1. By
Proposition 4.4, there exists 50‘ in

NN(width < 8s(2N + 3)log,(4N); depth < (5L + 8) log,(2L))
such that
|0a(i) = Eqil < NT2L725 fori=0,1,--, K%~ 1 and |a; <s-1.
Define

—~ d .
a(x) = 2gba( ijK]) -1, forany @ = [z, T2, -, 24]% € R%
j=1
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For each | < s -1, it is clear that ¢, is also in
NN(width < 85(2N + 3)logy(4N); depth < (5L + 8)logy(2L)).

Then for each n = [n1,12,,nq]" € {0,1,---, K — 1}? corresponding to i = Z?zlanj‘l,
each a € N? with |ex|; < s -1, we have

~ d . ~
‘Qba(%) - aaf(%)| = |2¢a( Z;'r]jK]_l) -1- (2505’1‘ - 1)| = 2|¢a(l) - éa,il < 2N_28L_2S,
j=

It follows from 1p(z) = £ for = € Qo that

[ba(P(2)) - 0%f(4(@))| = [Pal(F) - 0% f(F)] < 2ZN#L7% = & (4.3)

Now we are ready to construct the target ReLU FNN ¢. Define

o(x)= > E(W, Pu(z - 'gb(:c))), for any x € R%. (4.4)

|e][1<s-1

Step 3: Approximation error estimation.

Now let us estimate the error for any x € Q9. See Table 2 for a summary of the
approximations errors. It is easy to check that |f(x) — ¢(x)| is bounded by

aaf(ozﬁ(w))ha_’_ 5 a“f(wiv!)%zh)ha_ 3 5(¢a(¢(m)),Pa(m—v,b(m)))|

lefi<s-1 laf1=s lo1<s-1
< 3 ‘8af(¢$)+§mh) ha| + > |Wha _ g(¢a(¢(x)),Pa(h))| =9+ 5.
lelli=s e 1<s-1

Recall the fact ¥jgpos 1= (s+ 1) and ¥jgpee 1 = Tis (i +1)%1 < 5% For the first part
1, we have

S =

3af(¢£fl)+§cch)ha| < Z ‘%ha| < (S+ 1)d_1K_S.
lexlli=s lel|i=s

Now let us estimate the second part .%, as follows.

Iy = Z lao‘f(ci/?(m))ha _ 5( ¢a(z!(m)) ’ Pa(h))|

|efligs-1

< Z |Wh“—$(%ypa(h))|

|ex|1<s-1

s Y [H(FLYED Pa()) - 6 0a(w(@)), Pa(h))|

|ea]l1<s-1

= jZ,l + jQyQ.

By Equation (4.2), & < 2, and o € [0,1] for any = € [0,1]¢, we have P,(x) €
[-2,3] € [-3,3], for any x € [0,1]? and |ea|; < s — 1. Together with Equation (4.1), we
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have, for any x € Qg,

Foi= Y | B pe FIGED P (1))

[oef1<s-1

< Z (|8°‘f($(:c))ha_8"f(oqﬁ(m))Pa(h)| |d°‘f(w(x))P (h) - ¢(aaf(w(m)) Pa(h’))|)

|e][1<s-1

< Y (Ap-Pa)]r ) Y (S &) <SS+ ).

[oef1<s-1 [of1<s—-1

In order to estimate .# o, we need the following fact: for any xy, 7,25 € [-3, 3],
|$(ZL‘1,1’2) - gg(fl,I‘gﬂ < |$(l‘1, (L’Q) - $1.’L‘2| + |$(ZZ‘1,$2) - [f’1$2| + |[L’1$2 - ZZ‘1$2| < 251 + 3|1’1 - f1|.

For each v € R? with |||y < s—1 and « € Qg, since & € [0,2] and w e[-1,1]
in Equation (4.3), we have ¢q(1(x)) € [-3,3]. Together with P,(x) € [-3,3], we have,
for any @ € Qg,

Sra= Y [H(FLLED Pa(h) - 3(0a(¥(@)), Pu(h)|

leefliss—1
: ” 2. 1(2‘5)”3‘% (¢(m))|) < ” Z 1(2@”1 +3&) < 5426 +3&).

Therefore, for any @ € Qg,
f(x)—op(x)| < I+ I < I+ Iog+ I
<(s+ DT 4 54 & + &) + s4(268] + 3683)
<(s+1D)UK ™ +38 +E +3683).

Since € {0, 1, -, K-1}%is arbitrary and the fact [0, 1])\Q(K,d,d) € Uge(o 1, k-112Q,
we have

|f(2) - ()| < (s + D)UK ™ +38 + & +38&), for any x € [0,1]N\Q(K,J,d).

Recall that (N + 1)U+ < (N + 1)720+1) < (N 4 1)725272L < N-25[725 and K =
| N2 L2] > w. Then we have

(8% +654 +9s) N2/ 725/ < 84(5 + 1)48s N-2s/d [, =25/d,

What remaining is to estimate the width and depth of ¢. Recall that 1 € NN(Width <
d(4N +5); depth < 4(L + 1)), ¢ € NN(width < 9N + 10; depth < 2s(L + 1)), P,
NN(width < 9N+s+6; depth < 7s?(L+1)), and ¢ € NN(width < 85(2N+3)log,(4N); depth <
(5L +8) 10g2(2L)) for a € N with |a|; < s—1. By Equation (4.4), ¢ can be implemented
by a ReLU FNN with width 21s%!d(N +2)log,(4N) and depth 18s%(L + 2) log,(2L) as
desired. So we finish the proof. O
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5 Proofs of Propositions in Section 4.1

In this section, we will prove all propositions in Section 4.1.

5.1 Proof of Proposition 4.1 for polynomial approximation

To prove Proposition 4.1, we will construct ReLU FNNs to approximate polynomials
following the four steps below.

e f(x) =22 We approximate f(x) = z? by the combinations and compositions of
“teeth functions”.

e f(z,y) = zy. To approximate f(z,y) = xy, we use the result of the previous step
and the fact xy = 2(("’“"7“/)2 - (%)2- (%)2)

o f(x1,x9,+,xq) = x129--x4. We approximate f(x1,zq, -, 2q) = 127914 for any d
via induction based on the result of the previous step.

e General multivariable polynomials. Any one-term polynomial of degree k can be
written as Czyzo---2;, where C' is a constant, then use the result of the previous
step.

The idea of using “teeth functions” (see Figure 5) was first raised in [30] for approxi-
mating 22 using FNNs with width 6 and depth O(L) and achieving an error O(27%); our
construction is different to and more general than that in [30], working for ReLU FNNs
of width O(N) and depth O(L) for any N and L, and achieving an error O(N-F). As
discussed above below Proposition 4.1, this O(N)~9() approximation rate of polynomial
functions shows the power of depth in ReLU FNNs via function composition.

First, let us show how to construct ReLLU FNNs to approximate f(x) = x2.

Lemma 5.1. For any N, L € N*, there exists a ReLU FNN ¢ with width 3N and depth

L such that
lp(z) —2?| < N7, for any x € [0,1].

Proof. Define a set of teeth functions T; : [0,1] - [0, 1] by induction as follows. Let

)

2z, T <
x>

Ti(x) = { 2(1 - ),

Db [

)

and
T,=T;, 10Ty, fori=23,--.

It is easy to check that T; has 2! teeth and
Trsn =Ty 0T, for any m,n e N*.

See Figure 5 for more details of T;.
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T — T — T

0.8 0.8 0.8 0.8

0.6 0.6 0.6 0.6

0.4 0.4 0.4 0.1

0.2 0.2 0.2 0.2

0.0 0.0 0.0 0.0
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 5: Illustrations of teeth functions T3, T, T3, and T}.

Define piecewise linear functions f: [0,1] — [0,1] for s € N* satisfying the following
two requirements (see Figure 6 for several examples of f;).

o fu($)= () for j=0,1,2,,2°

e f.(x) is linear between any two adjacent points of {% :j=0,1,2,--- 25}

172
Jolz)

0.8 0.8 0.8 0.08
0.6 0.6 0.6 0.06
0.4 0.4 0.4 0.04

0.2 / 0.2 / 02 0.02
0.0 0] == 0.0 ,—Z

0 3 1 0o ¢ i 0o & 32 2 4oz 1 0

Figure 6: Illustrations of fi, fo, and fs.

It follows from the fact w — 22 = h? that
22 = fo(2)| < 2726*D  for any z € [0,1] and s € N*, (5.1)

and

fir(2) - fi(w) = 52, for any v €[0,1] and i =2,3, -
Then

fs(@) = fi(z) + Z;(fi = firr) =z = (2 - fi(z)) - Z; T =z- Z; 5,
for any z € [0,1] and s € N*.

Given N € N*| there exists a unique k € N* such that (k-1)2¢1+1< N < k2. For
this k, we can construct a ReLU FNN ¢ as shown in Figure 7 to approximate fs;. Notice
that T; can be implemented by a one-hidden-layer ReLU FNN with width 2¢. Hence, ¢
in Figure 7 has width k2% + 1 <3N @ and depth 2L.

In fact, ¢ in Figure 7 can be interpreted as a ReLU FNN with width 3N and
depth L since half of the hidden layers have the identify function as their activation

@ This inequality is clear for k = 1,2,3,4. In the case k > 5, we have k2¥ + 1 < k2;,+1N < (,(i;;g: N <
241N <3N.
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Figure 7: An illustration of the target ReLU FNN for approximating z2. We drop the
ReLU activation function in this figure since T;(x) is always positive for all ¢ € N* and

€ [0,1]. Each arrow with T}, means that there is a ReLU FNN approximating 7} and
mapping the function from the starting point of the arrow to generate a new function
at the end point of the arrow. Arrows without 7}, means a multiplication with a scalar
contributing to one component of the linear combination in the bottom part of the
network sketch.

functions. If all activation functions in a certain hidden layer are identity, the depth can
be reduced by one by combining adjacent two linear transforms into one. For example,
suppose Wy € RNxN2 - W, ¢ RN2*Ns | and ¢ is an identity map that can be applied
to vectors or matrices elementwisely, then Wio(Wax) = Wiz for any x € RM3, where
Wi =W;-W5e¢ RN1xNs

What remaining is to estimate the approximation error of ¢(x) ~ z2. By Equation
(5.1), for any z € [0,1], we have

|$2 _ (b(x)’ < ‘x2 _ ka‘ < 2—2(Lk+1) < 9-2Lk < N_L,
where the last inequality comes from N < k2F < 226, So we finish the proof. O

We have constructed a ReLU FNN to approximate f(z) = z2. By the fact zy =
2((%@)2— (5)*- (%)2), it is easy to construct a new ReLU FNN to approximate f(x,y) =
xy as follows.

Lemma 5.2. For any N, L € N*, there exists a ReLU FNN ¢ with width 9N and depth
L such that

Proof. By Lemma 5.1, there exists a ReLU FNN ¢ with width 3N and depth L such
that
|2 —(2)| < N7, for any z € [0,1].

Together with the fact

zy =2((22) - ()%= (4)?), for any z,y € R,
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we construct the target function ¢ as

o(x,y) = 2(V(ZY) () —9(¥)), for any z,y € R.
It follows that
oy = ¢z, y)] = [2((52)? - (2)? - (4)?) - 2(w(Z2) - w(2) - v(Y))]
<2[(52)? ~ o ()] +2|(3)* ~ ()| + 2[(5)* ~w ()| < 687"

It is easy to check that ¢ is a network with width 9N and depth L. Therefore, we have
finished the proof. O

Now let us prove Lemma 4.2 that shows how to construct a ReLU FNN to ap-
proximate f(z,y) = zy on [a,b]? with arbitrary a < b, i.e., a rescaled version of Lemma
5.2.

Proof of Lemma 4.2. By Lemma 5.2, there exists a ReLU FNN ¢ with width 9N and
depth L such that

(@, 7) - 791 <6NF, for any 7,5 € [0,1].
Set t=a+(b—a)Z and y=a+ (b-a)y for any 7,7 € [0, 1], we have

W(ﬁ, ) - ﬁ%| <6NL,  for any z,y € [a,b].

It follows that

|(b-a)?(&2,L2) + a(z +y) — a® —ay| <6(b—a)’NL,  for any z,y € [a,b].

b’ boa
Define
¢(x,y) = (b-a) (2. §=) +a(z +y) —a?,  for any z,y € R.

b-a’ b-a

Hence,
‘(b(:v,y) - xy| <6(b-a)>N7F, for any x,y € [a,b].

Moreover, ¢ can be easily implemented by a ReLU FNN with width 9N + 1 and depth
L. The result is proved. O

The next lemma constructs a ReLU FNN to approximate a multivariable function
f('rla Ty ey xk) =212 "X ON [07 1]k

Lemma 5.3. For any N, L € N*| there exists a ReLU FNN ¢ with width 9(N +1)+k -2
and depth Tk(k - 1)L such that

|p(x) — 212024 <Ok = 1)(N + 1) for any @ = [x1, 79, 2%]7 € [0,1]%, k> 2.

Proof. By Lemma 4.2, there exists a ReLU FNN ¢; with width 9(N + 1) + 1 and depth
7k L such that

|p1(z,y) —2y| <6(1.2)2(N + 1) <9(N + 1)L for any z,y € [-0.1,1.1].  (5.2)

Next, we construct ¢; : [0,1]"*! - [0, 1] by induction for i = 1,2, k — 1 such that
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e ¢;is a ReLU FNN with width 9(N+1)+i—1 and depth 7kiL for each i € {1,2,---, k-
1}.

e The following inequality holds for any i € {1,2,--- k= 1} and 21, z9, -+, ;41 € [0,1]

|¢i(l‘1, "'7x7j+1) - $1$2"'$i+1| < gZ(N + 1)_7kL. (53)

Now let us show the induction process in more details as follows.

1. When i = 1, it is obvious that the two required conditions are true: 1) 9(N+1)+i—1 =
9(N +1) and iL = L if i = 1; 2) Equation (5.2) implies Equation (5.3) for i = 1.

2. Now assume ¢; has been defined, then define
Gis1 (21, Tiv2) = ¢1(¢i(3317“',xiu),iﬁ'ﬂz), for any xy,+, ;2 € R.

Notice that the width and depth of ¢; are 9(N+1)+i—1 and 7kiL, respectively. Then
¢iso can be implemented via a ReLU FNN with width 9(N+1)+i-1+1=9(N+1)+:
and depth TkiL + TkL = Tk(i+ 1) L.

By the hypothesis of induction, we have
|¢i($1, "‘7$¢+1) - $1$2"'$i+1| < 9Z(N + 1)_7kL.

Recall the fact 9i(N + 1)~ < 9k2°™ < kg = 0.1 for any N,L,k € N* and
i€{l,2,--, k—1}. Tt follows that

oi(x1, -, 241) €[-0.1,1.1], for any xq,--, 2441 € [0, 1].
Therefore, for any 1, xg, -+, T2 € [0,1],

|Giv1 (1,0 Tina) — D12 Tiy0| = ‘¢1(¢i(9€1, L Tis1), l’i+2) - $1952“'33i+2‘
< ‘¢1(¢¢(5€17 "'71’“1)7%“2) - @iy, "'713z‘+1)l‘i+2‘ + ‘Q%(xh L) Tivg — L1092 T
SON +1)™ 1 9i(N + 1) E = 9(i + 1) (N + 1),

Now let ¢ = ¢5._1, by the principle of induction, we have
[p(wr, @) = w12aeay] <9(k = 1)(N +1)7™, for any @1, 29, 2y € [0, 1].

So ¢ is the desired ReLU FNN with width 9(N + 1) + k-2 and depth 7k(k-1)L. O

Now we are ready to prove Proposition 4.1 for approximating general multivariable
polynomials via ReLU FNNs.

Proof of Proposition /.1. Denote a = [, g, -+, gt and let [ 21, 29, -+, 2 ]T be the vector
such that

j-1 j
2 =xj, if Zai <l< ZO{Z', for j=1,2,---,d.
=1 i=1
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That is,

a1 times a2 times ag times
[217 29,0, Zk]T = [1717 e L1, T, e, T, e, Ty, "',ZL’d]T c Rk
Then we have P(x) = % = 2129+ 2.

We construct the target ReLU FNN in two steps. First, there exists a linear map
¢: that duplicates inputs in @ to form a new vector [z1, z2,--, 2;]T. Second, by Lemma
5.3, there exists such a ReLU FNN ¢, with width 9(NV +1) + k-2 and depth 7Tk(k-1)L
such that ¢, maps [21, 29, -, 2] to P(x) = z129-+-2;, within the target accuracy. Hence,
we can construct our final target ReLU FNN via ¢3 0 ¢1(x) = ¢(a). By incorporating
the linear map in ¢; into the first linear map of ¢, we can treat ¢ as a ReLU FNN with
width 9(N +1) + k-2 and depth 7k(k—1)L with a desired approximation accuracy. So,
we finish the proof. O

5.2 Proof of Proposition 4.3 for step function approximation

To prove Proposition 4.3 in this sub-section, we will discuss how to pointwisely
approximate step functions by ReLLU FNNs except for a trifling region. Before proving
Proposition 4.3, let us first introduce a basic lemma about fitting O(N;N,) samples
using a two-hidden-layer ReLU FNN with O(N; + Ny) neurons.

Lemma 5.4. For any Ny, Ny € N*, given Ni(No + 1) + 1 samples (z;,y;) € R? with
To < Ty < < Ty (Npe1) ond Y 2 0 fori=0,1,--- Ny(Nao+1), there exists ¢ e NN(#input =
1; widthvec = [2Ny, 2N, + 1]) satisfying the following conditions.

1. Qb(l’z) =Y fOTi: 07 ]-7“'7N1(N2 + 1)7
2. ¢ is linear on each interval [x;_1, ;] for i ¢ {(Na+1)j:j=1,2,---, Ni}.

The above lemma is Proposition 2.1 of [27] and the reader is referred to [27] for its
proof. Essentially, this lemma shows the equivalence of one-hidden-layer ReLU FNNs of
size O(N?) and two-hidden-layer ones of size O(N) to fit O(N?) samples.

The next lemma below shows that special shallow and wide ReLU FNNs can be
represented by deep and narrow ones. This lemma was proposed as Proposition 2.2 in
[27].

Lemma 5.5. Given any N,L € N*, for arbitrary ¢; € NN(#input = 1; widthvec =
[N,NL]), there exists ¢o € NN(#input = 1; width < 2N + 4; depth < L +2) such that

é1(x) = do() for any x € R.

Now, let us present the detailed proof of Proposition 4.3.

Proof of Proposition 4.3. We divide the proof into two cases: d =1 and d > 2.
Case 1: d=1.
In this case K = N2L2?, and we denote M = N2L. Then we consider the sample set

{(5.m) :m:(),l,m,M—l}U{(mT”—é,m):m=0,1,-~,M—2}U{(1,M—1),(2,0)}.
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Its cardinality is 2M +1 = N-((2NL-1)+1)+ 1. By Lemma 5.4 with N; = N and
Ny =2NL -1, there exist ¢; € NN(widthvec = [2N,2(2NL - 1) + 1]) = NN(widthvec =
[2N,4NL -1]) such that

o g1(X)=¢1(1)=M-1and ¢1(2)=¢1 (2L -5)=m for m=0,1,-, M - 2;

e ¢; is linear on [#=1 1] and each interval [, 2L —§] for m =0,1,-, M - 2.

Then
p1(z)=m, ifxe[R 2§14, 01y], form=0,1,- M-1. (5.4)

Now consider the sample set
{(ﬁ7f):€20717 ' L 1} {(£+1 67€):€:0a17"'aL_2}U{(ﬁ7L_1)7(270)}'

Its cardinality is 2L+1=1-((2L-1)+1)+1. By Lemma 5.4 with Ny =1 and N, =2L-1,
there exists ¢ € NN(widthvec = [2,2(2L-1) +1]) = NN(widthvec = [2,4L—-1]) such that

o $2(577) = 2(57) = L -1 and 6a(57) = d2(5 —0) =L for £=0,1, L-2;

e ¢, is linear on [£2, L] and each interval [+, £+ - 4] for £=0,1,--, L - 2.

It follows that, for m=0,1,---, M -1,¢=0,1,---, L -1,

¢2($——¢1($)) ¢2(I——) E if xe [%zﬁ’mﬁ/}-£+1 _5'1{€<L71}]~ (55)
Define
L¢1($)+¢2(1’—l¢>1(1‘))
o(x) = T , for any x e R.
Notice that each k € {0,1,---, ML -1} = {0,1,--, K — 1} can be uniquely represented
by k = mL+ /¢ for m € {0,1,-- M -1} and ¢ € {0,1,-,L - 1}. By Equation (5.4)
and (5.5), if z € [%,% -0 gpemrn-1y] = [Ik{,ﬂ 0 lgex-1y] and k = mL + { for
me{0,1,--M -1}, £€{0,1,---,L -1}, we have
_Lo@eo(o-gror @) LmeoaG-RD  pe g
¢(z) = ML = ML - "ML T N2 K°

By Lemma 5.5,
¢1 € NN(widthvec = [2N,4N L - 1]) € NN(width < 4N +4; depth < 2L + 2)

and
¢9 € NN(widthvec = [2,4L — 1]) € NN(width < 8; depth < 2L + 2).

Hence, ¢ can be implemented by a ReLU FNN with width 4N +5 and depth 4L +4. So
we finish the proof.

Case 2: d > 2.

Now we consider the case when d > 2. For the sample set

{(£,£): k=01, K-1}u{(B -6, £): k=01, K -2} u{(1,52),(2,1)},
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whose cardinality is 2K +1 = [NY4|((2|NY4|[L??] - 1) + 1) + 1. By Lemma 5.4 with
Ny = | NY4| and Ny = 2| NYe||L?/4] -1 | there exists ¢ in

NN(widthvec = [2| NY4], 2(2| NV4||L¥?] - 1) +1])
c NN(widthvec = [2| NYe| 4| NY|| L2/?] - 1])

such that
L ¢(2):17 ¢(%):¢(1):%7 and ¢(%):¢ %_5):% fOI’]{?ZO,l,"',K—Q;

e ¢ is linear on [£21,1] and each interval [%, % —§] for k=0,1,-+, K -2.

Then
o(x) = §. ifwe[f B =6 lpac ], for k=01, K-1.

By Lemma 5.5,

¢ € NN(widthvec = [2| NV4| 4| NYV4|| L?4] - 1])
¢ NN(width < 4| NY?| + 4; depth < 2| L¥?| + 2)
c NN(width < 4N + 5; depth < 4L + 4).

This establishes the Proposition. O

5.3 Proof of Proposition 4.4 for point fitting

In this sub-section, we will discuss how to use ReLU FNNs to fit a collection of
points in R2.® It is trivial to fit n points via one-hidden-layer ReLU FNNs with O(n)
parameters. However, to prove Proposition 4.4, we need to fit O(n) points with much less
parameters, which is the main difficulty of our proof. Our proof below is mainly based
on the “bit extraction” technique and the composition architecture of neural networks.

Let us first introduce a basic lemma based on the “bit extraction” technique, which
is in fact Lemma 2.6 of [27].

Lemma 5.6. For any N,L e N*, any 6,,,€{0,1} form=0,1,---,M-1,¢=0,1,---,L-1,
where M = N2L, there exists a ReLU FNN ¢ with width 4N +5 and depth 3L + 4 such
that ¢(m, €) = zfzoem,j, form=0,1,-M-1, £=0,1,---, L —1.

Next, let us introduce Lemma 5.7, a variant of Lemma 5.6 for a different mapping
for the “bit extraction”. Its proof is based on Lemma 5.4, 5.5, and 5.6.

Lemma 5.7. For any N,L € N* and any 0; € {0,1} for i = 0,1,---) N2L? — 1, there
exists a ReLU FNN ¢ with width 8N + 10 and depth 5L + 6 such that ¢(i) = 0;, for
i=0,1, N2L[2 -1,

®Fitting a collection of points {(z;,y;)} in R? means that the target ReLU FNN takes the value y;
at the location z;.
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Proof. The case L =1 is simple. We assume L > 2 below.

Denote M = N2L, for each i € {0,1,---, N2L2—1}, there exists a unique representation
t=mL+/{form=0,1,- M-1an L=0,1,---,L—1. So we define, for m=0,1,---, M -1
and £ =0,1,---,L -1,

Qe = 0;,  where i =mL + (.

Then we set b, o =0 for m =0,1,---,M -1 and by, ¢ = @y -1 for m =0,1,---. M -1 and
(=1, L1,
By Lemma 5.6, there exist ¢, ¢o € NN(width < 4N + 5; depth < 3L +4) such that

¢ J4
G1(m,0) =Y am; and  ga(m,0) =) by j,
j=1 J=1

form=0,1,,M-1and £=0,1,---, L — 1. We consider the sample set
{(mL,m):m=0,1,-- Myu{((m+1)L-1,m):m=0,1,--M-1} cR%

Its cardinality is 2M +1 = N - ((2NL-1) +1) + 1. By Lemma 5.4 with N; = N and
Ny = 2NL — 1, there exists ¢» € NN(#input = 1;widthvec = [2N,2(2NL - 1) + 1]) =
NN(#input = 1; widthvec = [2N,4N L - 1]) such that

o (ML) =M and y(mL) =¢)((m+1)L-1)=m for m=0,1,--, M - 1;
e ¢ is linear on each interval [mL,(m+ 1)L -1] for m =0,1,---, M - 1.
It follows that
w(i)=m wherei=mL+0, form=0,1,-M-1and¢=0,1, L-1.
Define
¢(2) = g1 ((2), &~ Lip(x)) = do(1h(2), &~ Lip(x)),  for any z e R.

For ¢=0,1,---, N2L? — 1, represent i = mL +{ for m=0,1,--- M -1 and ¢=0,1,---,L - 1.
We have

o(i) = g1 (v (4),i = Lvo(i)) = o2 (2), i - Lp(i))
= ¢1(m7€) - ¢2(m7 6)

l 4
= Z Qm,j — Z bm,j =0mye = ‘91
j=1

j=1
What remaining is to estimate the width and depth of ¢. Notice that
¢1, P2 € NN(width < 4N +5; depth < 3L +4).
And by Lemma 5.5,
1 € NN(widthvec = [2N,4NL - 1]) € NN(width < 4N +4; depth < 2L +2).

Hence, by the definition of ¢, ¢ can be implemented by a ReLU FNN with width 8N +10
and depth 5L + 6. O
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With Lemma 5.7 in hand, we are now ready to prove Proposition 4.4.

Proof of Proposition 4.4. Denote J = [2slogy(NL +1)]. For each & € [0,1], there exist
1,82, &y €{0,1} such that

|€z - BinO.&J@-’Q---{iJl < 2_J, fOl" 7= 0, 1, ty N2L2 - 1.

By Lemma 5.7, there exist ¢1, g, -, ¢y € NN(width < 8N + 10; depth < 5L + 6) such
that
¢i(i) =&, fori=0, 1, N2L2-1,5=1,2,-J.

Define ;
¢(z)=>"27¢;(x), forany zeR.
P

It follows that, for i =0,1,---, N2L? -1,

~ J A
|6(8) - &l = ‘ ;2_]%‘(@') -& = ‘BinO.&’lfi’ngw - fz“ <277,
j=

J .
= | .27, -&
j=1
Notice that
2—J — 2—[2510g2(NL+1)] < 2—2510g2(NL+1) — (NL + 1)—25 < N-25]-2s
Now let us estimate the width and depth of ¢. Recall that

J =[2slog,(NL+1)] < 2s(1+logy(NL+1)) <2s(1+logy(2N) +log, L)
<2s(1+1ogy(2N))(1 +log, L) < 2slog,(4N)log,(2L),

and ¢; € NN(width < 8N +10; depth < 5L +6). Then b= ijl 277¢; can be implemented
by a ReLU FNN with width 2s(8 N + 10)log,(4N) + 2 < 8s(2N + 3)log,(4N) and depth
(5L +6) log, (2L).

Finally, we define

¢(x) = min { max{0, o(z)}, 1}, for any z €R.

Then 0 < ¢(x) <1 for any z € R and ¢ can be implemented by a ReLU FNN with width
8s(2N +3)logy(4N) and depth (5L +6)logy(2L) +2 < (5L + 8) log,(2L). Notice that

P(i) = > 27¢;(i) =) 27¢;€[0,1], fori=0,1,-, N*L?-1.
j=1 j=1

It follows that

[6(i) - & = [ min { max{0, 5(i)}, 1} - &| = [B(1) - &] < N"* L%, for i =0,1,--, N*L? - 1.

The proof is complete. O
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6 Conclusions

This paper has established a nearly optimal approximation rate of ReLU FNNs in
terms of both width and depth to approximate smooth functions. It is shown that ReLLU
FNNs with width O(N In N) and depth O(LIn L) can approximate functions in the unit
ball of C*([0,1]%) with approximation rate O(N-2/¢[-25/). Through VC dimension, it
is also proved that this approximation rate is asymptotically nearly tight for the closed
unit ball of smooth function class C*([0,1]%).

We would like to remark that our analysis is for the fully connected feed-forward
neural networks with the ReLLU activation function. It would be an interesting direction
to generalize our results to neural networks with other architectures (e.g., convolutional
neural networks and ResNet) and activation functions (e.g., tanh and sigmoid functions).
These will be left as future work.
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