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Abstract

This paper concentrates on the approximation power of deep feed-forward neural networks in terms of
width and depth. It is proved by construction that ReLU networks with width O(max{d[N Vd| N+ 2})
and depth O(L) can approximate a Holder continuous function on [0,1]¢ with an approximation rate
O()\\/c_l(N2L2 th)‘a/d)7 where @ € (0,1] and A > 0 are Holder order and constant, respectively. Such a
rate is optimal up to a constant in terms of width and depth separately, while existing results are only
nearly optimal without the logarithmic factor in the approximation rate. More generally, for an arbitrary
continuous function f on [0,1]¢, the approximation rate becomes O( \/Eo.)f((NZL2 In N)’l/d) ), where w(-)
is the modulus of continuity. We also extend our analysis to any continuous function f on a bounded set.
Particularly, if ReLU networks with depth 31 and width O(N) are used to approximate one-dimensional
Lipschitz continuous functions on [0,1] with a Lipschitz constant A > 0, the approximation rate in terms
of the total number of parameters, W = O(N?), becomes O(m), which has not been discovered in the
literature for fixed-depth ReLLU networks.

Résumé

Cet article se concentre sur la capacité d’approximation des réseaux de neurones a propagation avant
en termes de largeur et de profondeur. Il est prouvé par construction que les réseaux ReLU de largeur
O(max{d|N'], N +2}) et profondeur O(L) peuvent approximer une fonction hildérienne sur [0, 1]¢ avec

une erreur d’approximation O(/\\/c_l(N2L2 In N)‘a/d), ot a € (0,1] et A > 0 sont respectivement 1’exposant
et la constante de Holder. Une telle erreur d’approximation est optimale, & une constante multiplicative
pres, en termes de largeur et de profondeur séparément, alors que les résultats connus ne sont que presque
optimaux sans le facteur logarithmique dans 'erreur d’approximation. Plus généralement, pour une fonction
continue arbitraire f sur [0,1]¢, Perreur d’approximation devient (’)( \/wa((N2L2 In N)_l/d) )7 ol wyr(+)
est le module de continuité. Nous étendons également notre analyse & toute fonction continue f sur un
ensemble borné. En particulier, si les réseaux ReLU de profondeur 31 et de largeur O(N) sont utilisés
pour approximer les fonctions lipschitziennes d’une variable sur [0, 1] avec une constante de Lipschitz A > 0,
'erreur d’approximation en fonction du nombre total de parametres, W = O(N?), devient O(Wi\lw)’ ce
qui n’a pas été découvert dans la littérature pour les réseaux ReLU & profondeur fixée.
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1. Introduction

Over the past few decades, the expressiveness of neural networks has been widely studied from many
points of view, e.g., in terms of combinatorics [1], topology [2], Vapnik-Chervonenkis (VC) dimension [3—
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5], fat-shattering dimension [6, 7], information theory [8], classical approximation theory [9-13, 13-21],
optimization [22-26]. The error analysis of neural networks consists of three parts: the approximation error,
the optimization error, and the generalization error. This paper focuses on the approximation error for
ReLU networks.

The approximation errors of feed-forward neural networks with various activation functions have been
studied for different types of functions, e.g., smooth functions [16, 27-30], piecewise smooth functions [8],
band-limited functions [31], continuous functions [12, 15, 17, 18]. In the early works of approximation theory
for neural networks, the universal approximation theorem [9, 10, 32] without approximation rates showed
that there exists a sufficiently large neural network approximating a target function in a certain function
space within any given error € > 0. In particular, it is shown in [33] that the ReLU-activated residual neural
network with one-neuron hidden layers is a universal approximator. The universal approximation property
for general residual neural networks was proved in [19] via a dynamical system approach.

An asymptotic analysis of the approximation rate in terms of depth is provided in [12, 34] for ReLU
networks. To be exact, the nearly optimal approximation rates of ReLU networks with width O(d) and
depth O(L) for functions in C([0,1]%) and C*([0,1]%) are O(ws (L)) and O((L/In L)~25/4), respectively.
These two papers provide the approximation rate in terms of depth asymptotically for fixed-width networks.
A different approach is used in [15, 16] to obtain a quantitative characterization of the approximation rate
in terms of width, depth, and smoothness order for continuous and smooth functions.

Particularly, it was shown in [15] that a ReLU network with width Ci(d)- N and depth Cs(d) - L can
attain an approximation error Cs(d) -wf(N‘Q/dL‘Q/d) to approximate a continuous function f on [0,1]¢,
where C1(d), C2(d), and C3(d) are three constants in d with explicit formulas to specify their values, and
wy(+) is the modulus of continuity of f € C([0,1]?) defined via

wi(r) =sup{|f(x) - f(y)l: 2,y € [0,1]", [x-yl2<r}, forany r>0.

Such an approximation rate is optimal in terms of IV and L up to a logarithmic term and the corresponding
optimal approximation theory is still unavailable. To address this problem, we provide a constructive proof
in this paper to show that ReL.U networks of width O(N) and depth O(L) can approximate an arbitrary
continuous function f on [0,1]¢ with an optimal approximation error © (\/wa((NzL2 In N)_”‘/d)) in terms
of N and L. As shown by our main result, Theorem 1.1 below, the approximation rate obtained here admits
explicit formulas to specify its prefactors when wy(-) is known.

Theorem 1.1. Given a continuous function f € C([0,1]%), for any N e N*, L e N*, and p € [1, c0], there
ezists a function ¢ implemented by a ReLU network with width C7 max {d[Nl/dJ, N+ 2} and depth 11L+Cy
such that _1/d

|f = &l Le(roagey < 1:31%?@((]\%2 logs(N +2)) )

where Cy =16 and Cy =18 if pe [1,00); C1 = 393 and Co = 18 +2d if p = oo.
Note that 3%*3 max {d[Nl/dJ7 N+ 2} < 393 max {dN7 SN} < 3%4N. Given any N,L ¢ N* with N >
394q and L > 29 + 2d, there exist N, L € N* such that
39N < N < 3M4d(N +1) and 11L+18+2d<L <11(L+1)+18+2d.

If follows that

N+1 N L+1 1 L-18-2d L-18-2d
N>——>—— and L> > — - = .
3 3d+54 2 2 11 292

Then we have an immediate corollary of Theorem 1.1.

Corollary 1.2. Given a continuous function f € C([0, 11%), for any N e N* and ZS N* with N 2~3d+4d and
L > 29+ 2d, there exists a function ¢ implemented by a ReLU network with width N and depth L such that

- _ ~ “1/d
If = &l e (o,179y < 131¢wa(((3dfid)2(L‘122‘2d *logs (555 +2)) )
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As a special case of Theorem 1.1 for explicit error characterization, let us take Holder continuous
functions as an example. Let Holder([0,1]%, a, A) denote the space of Holder continuous functions on [0, 1]¢
of order a € (0,1] with a Holder constant A > 0. We have an immediate corollary of Theorem 1.1 as follows.

Corollary 1.3. Given a Hélder continuous function f € Holder([0,1]¢, o, \), for any N e N*, L e N*, and
p € [1,00], there exists a function ¢ implemented by a ReLU network with width Cy max {d[Nl/dJ, N + 2}
and depth 11L + Cy such that

-a/d
|f = &lo o1y < 13IMWA(N? L logy (N +2)) ",

where Cy =16 and Co = 18 if pe [1,00); Oy = 3%*3 and Cy = 18+ 2d if p = co.

To better illustrate the importance of our theory, we summarize our key contributions as follows.

(1) Upper bound: We provide a quantitative and non-asymptotic approximation rate 131Vdw ¥ ( ( N2L%logs(N+
2))71/(1) in terms of width O(N) and depth O(L) for any f € C([0,1]¢) in Theorem 1.1.

(1.1) This approximation error analysis can be extended to f € C(E) for any E ¢ [-R, R]¢ with R >0
as we shall see later in Theorem 2.5.

(1.2) In the case of one-dimensional Lipschitz continuous functions on [0,1] with a Lipschitz constant
A > 0, the approximation rate in Theorem 1.1 becomes (’)(Wl)r‘1 ) for ReLU networks with 31
hidden layers and O(W) parameters via setting L = 1 and W = O(N?) therein. To the best
of our knowledge, the approximation rate O(m) is better than existing known results using

fixed-depth ReLU networks to approximate Lipschitz continuous functions on [0,1].

(2) Lower bound: Through the VC-dimension bounds of ReL.U networks given in [5], we show, in Section 2.3,
that the approximation rate 131)\\/3(N2L2 logs (N + 2))_a/d in terms of width O(N) and depth O(L)
for Holder([0,1]%, o, A) is optimal as follows.

(2.1) When the width is fixed, both the approximation upper and lower bounds take the form of CL2e/d
for a positive constant C.

(2.2) When the depth is fixed, both the approximation upper and lower bounds take the form of
C(N?In N)~/4 for a positive constant C.

N
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— N = Ll/ll)[l
0 — N =1000
0 20 x 100010 10 x 10001 60 x 10001 80 x 1000 100 x 1000 J,

Figure 1: Our rate is optimal in terms of width O(N) and depth O(L) simultaneously except for the region marked in cyan
characterized by {(N,L) e N?: C; < N < L®2}, where C; = C;(a,d) for i = 1,2 are two positive constants. This figure is an
example for Cq = 1000 and C2 = 1/100.



We would like to point out that if N and L vary simultaneously, the rate is optimal in the N-L plane
except for a small region as shown in Figure 1. See Section 2.3 for a detailed discussion. The earlier result in
[15] provides a nearly optimal approximation error that has a gap (a logarithmic term) between the lower and
upper bounds. It is technically challenging to match the upper bound with the lower bound. Compared to
the nearly optimal rate 19A\/dN~2%/?[, =22/ for Holder continuous functions in Holder([0,1]%,a, \) in [15],

this paper achieves the optimal rate 131)\\/3(N 2L21og; (N + 2))_a/d using more technical and sophisticated
construction. For example, a novel bit extraction technique different to that in [3] is proposed, and new
ReLU networks are constructed to approximate step functions more efficiently than those in [15]. The
optimal result obtained in this paper could also be extended to other functions spaces, leading to better
understanding of deep network approximation.

We have obtained the optimal approximation rate for (Ho6lder) continuous functions approximated by
ReLU networks. There are two possible directions to improve the approximation rate or reduce the effect of
the curse of dimensionality. The first one is to consider proper target function spaces, e.g., Barron spaces
[11, 35-37], band-limited functions [31, 38], smooth functions [16, 34], and analytic functions [30]. The other
direction is to consider neural networks with other activation functions. For example, the results of [34]
imply that (sin, ReLU)-activated networks with W parameters can achieve an asymptotic approximation
error O(Z‘Cd\/W) for Lipschitz continuous functions defined on [0,1]¢, where cq is an unknown constant
depending on d. Floor-ReLU networks with width O(N) and depth O(L) are constructed in [17] to admit

an approximation rate O(wf(\/aN_ﬁ)) for any continuous function f € C([0,1]%). It is shown in [18] that
three-hidden-layer networks with O(W') parameters using the floor function (|x]), the exponential function
(2%), and the step function (1,50) as activation functions can approximate Lipschitz functions defined on
[0,1]% with an exponentially small error O(v/d2™"). By the use of more sophisticated activation functions
instead of those used in [17, 18, 34|, a recent paper [39] shows that there exists a network of size depending
on d implicitly, achieving an arbitrary approximation error for any continuous function in C([0,1]¢). A key
ingredient of the approaches mentioned above is to use more than one activation functions to design neural
network architectures.

The error analysis of deep learning is to estimate approximation, generalization, and optimization errors.
Here, we give a brief discussion, the interested reader can find more details in [16, 17]. Let ¢(x;0) denote a
function computed by a network parameterized with 6. Given a target function f, the final goal is to find
the expected risk minimizer

Op = arg;ninRD(G), where Rp(0) = Eq.y(x) [((0(x:0), f(x))],

with a loss function ¢(-,-) and an unknown data distribution U (X).
In practice, for given samples {(x;, f(x;))}i-,, the goal of supervised learning is to identify the empirical
risk minimizer

Os = arggminRg(O), where Rs(0) := % 25(@5(%; 0). f(z;)).

In fact, one could only get a numerical minimizer 85 via a numerical optimization method. The discrepancy
between the target function f and the learned function ¢(x; 0 ) is measured by Rp(6,r), which is bounded
by

Rp(On) <  Rp(0p)  + [Rs(On)-Rs(0s)] + [Rp(On) - Rs(0x)] + [Rs(0p) - Rp(6p)].

———
Approximation error Optimization error Generalization error

This paper deals with the approximation error of ReLLU networks for continuous functions and gives an upper
bound of Rp(0p) which is optimal up to a constant. Note that the approximation error analysis given here
is independent of data samples and deep learning algorithms. However, the analysis of optimization and
generalization errors do depend on data samples, deep learning algorithms, models, etc. For example, refer
to [22-26, 35, 40-42] for a further understanding of the generalization and optimization errors.

The rest of this paper is organized as follows. In Section 2, we prove Theorem 1.1 by assuming Theo-
rem 2.1 is true, show the optimality of Theorem 1.1, and extend our analysis to continuous functions defined

4



on any bounded set. Next, Theorem 2.1 is proved in Section 3 based on Proposition 3.1 and 3.2, the proofs
of which can be found in Section 4. Finally, Section 5 concludes this paper with a short discussion.

2. Theoretical analysis

In this section, we first prove Theorem 1.1 and discuss its optimality. Next, we extend our analysis to
general continuous functions defined on any bounded set. Notations throughout this paper are summarized
in Section 2.1.

2.1. Notations
Let us summarize all basic notations used in this paper as follows.

e Matrices are denoted by bold uppercase letters. For instance, A € R™*" is a real matrix of size m x n,
and AT denotes the transpose of A. Vectors are denoted as bold lowercase letters. For example,

1
v = [vy,-v9]T = [ : ] € R? is a column vector with v(i) = v; being the i-th element. Besides, “[”
vg

and “” are used to partition matrices (vectors) into blocks, e.g., A = [ﬁ; ﬁ;i ]

e For any p € [1,00), the p-norm (or P-norm) of a vector x = [x1, 22, 24]7 € R? is defined by

1/
lly = (lea” +Jwal? + -+ [zal?) ™"

e For any z € R, let |z]:=max{n:n <z, neZ} and [z] :=min{n:n>xz, necZ}.

e Assume n e N?, then f(n) = O(g(n)) means that there exists positive C' independent of n, f, and g
such that f(n) < Cg(n) when all entries of n go to +oo.

e For any 6 € [0, 1), suppose its binary representation is § = Y52, 6,27 with 6, € {0,1}, we introduce a
special notation bin0.60165---6;, to denote the L-term binary representation of @, i.e., bin0.6,605---0y, =
YL, 0,27t

o Let pu(+) denote the Lebesgue measure.
e Let 15 be the characteristic function on a set S, i.e., 1g is equal to 1 on .S and 0 outside S.
e Let |S| denote the size of a set S, i.e., the number of all elements in S.
e The set difference of two sets A and B is denoted by A\B:={x:2 € A, = ¢ B}.
e Given any K € N* and § € (0, %), define a trifling region Q([0,1]¢, K, 6) of [0,1]% as
Q([0,1]%, K., 6) = Q{w = 21,29, 24]Te [0,1] : 2 € ;U([’g -4, fé)}- (2.1)
j= -1
In particular, Q([0,1]%, K,§) = @ if K = 1. See Figure 2 for two examples of trifling regions.

e Let Holder([0,1]¢,a, \) denote the space of Holder continuous functions on [0,1]% of order « € (0,1]
with a Holder constant A > 0.

e For a continuous piecewise linear function f(x), the x values where the slope changes are typically
called breakpoints.

e Let CPwL(R,n) denote the space that consists of all continuous piecewise linear functions with at
most n breakpoints on R.
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Figure 2: Two examples of trifling regions. (a) K =5,d=1. (b) K =4,d=2.

e Let 0 : R — R denote the rectified linear unit (ReLU), i.e. o(x) = max{0,2}. With a slight abuse of
max{0, 1}
notation, we define o : R¢ - R? as o(x) = : for any = [z, 24]7 € RY.
max{0, x4}

e We will use AW to denote a function implemented by a ReLU network for short and use Python-
type notations to specify a class of functions implemented by ReLLU networks with several conditions,
e.g., NN (c1; ca; -+ ¢ ) is a set of functions implemented by ReLU networks satisfying m conditions
given by {¢; }1<i<m, €ach of which may specify the number of inputs (#input), the number of outputs
(#output), the number of hidden layers (depth), the total number of parameters (#parameter), and
the width in each hidden layer (widthvec), the maximum width of all hidden layers (width), etc. For
example, if ¢ € NN (#input = 2; widthvec = [100,100]; #output = 1), then ¢ is a functions satisfies

— ¢ maps from R? to R.

— ¢ can be implemented by a ReLU network with two hidden layers and the number of neurons in
each hidden layer is 100.

e For any function ¢ € NNV (#input = d; widthvec = [N, Na,---, N1.]; #output = 1), if we set Ng = d and
Ny4+1 =1, then the architecture of the network implementing ¢ can be briefly described as follows:

=  Wo, b = Wi_1, br_ +  W.,b
T = hO 0 0 h1 o h] LEIL_IL 1 hL o hL ZL L hL+1 :¢(w)7

where W; e RVNi+1*Ni and b; e RVi+1 are the weight matrix and the bias vector in the i-th affine linear
transform L;, respectively, i.e.,

hi+1:“/i'ﬁi+bi = Li(ﬁi)v fOI'Z':O,l,"',L,

and _
hi:O'(hi), fOI‘Z'=172,"',L.

In particular, ¢ can be represented in a form of function compositions as follows.
¢p=LrocoLy 1000 - ogoLiocoLy,
which has been illustrated in Figure 3.
e The expression “a network with width N and depth L” means

— The maximum width of this network for all hidden layers is no more than N.

— The number of hidden layers of this network is no more than L.
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Wo, bo ReLU -~ Wi, b ReLU ~ W2, by
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Figure 3: An example of a ReLU network with width 5 and depth 2.

2.2. Proof of Theorem 1.1

The key point is to construct piecewise constant functions to approximate continuous functions in the
proof. However, it is impossible to construct a piecewise constant function implemented by a ReLLU network
due to the continuity of ReLU networks. Thus, we introduce the trifling region Q([0,1]¢, K,§), defined
in Equation (2.1), and use ReLU networks to implement piecewise constant functions outside the trifling
region. To prove Theorem 1.1, we first introduce a weaker variant of Theorem 1.1, showing how to construct
ReLU networks to pointwisely approximate continuous functions except for the trifling region.

Theorem 2.1. Given a function f € C([0,1]%), for any N e N* and L € N*, there exists a function ¢
implemented by a ReLU network with width max {Sd[Nl/dJ +3d, 16NN + 30} and depth 11L + 18 such that

|6 Lo (ray < [ £(0)] + Wf(\/a) and
(@) - ()| < 130v/dey (N L2 logg(N +2)) "), for any @ € [0,1]10([0,1]%, K, ),

where K = | NY? |2 LY]2| |logg(N +2) V4| and 6 is an arbitrary number in (0, 55].

With Theorem 2.1 that will be proved in Section 3, we can easily prove Theorem 1.1 for the case
pe€[l,00). To attain the rate in L*°-norm, we need to control the approximation error in the trifling region.
To this end, we introduce a theorem to deal with the approximation inside the trifling region Q([0,1]%, K, §).
Theorem 2.2 (Theorem 3.7 of [14] or Theorem 2.1 of [16]). Given any e >0, N,L,K e N*, and ¢ (0, 3%(]7
assume [ is a continuous function in C([0,1]%) and ¢ can be implemented by a ReLU network with width
N and depth L. If _

|f () = d(x)| <&, for amy @ € [0,1]1\2([0,1]%, K., 5),

then there exists a function ¢ implemented by a new ReLU network with width 33(N +4) and depth L +2d
such that
|f(z) - ¢(x)| <e+d-wp(s), forany ze[0,1]%

Now we are ready to prove Theorem 1.1 by assuming Theorem 2.1 is true, which will be proved later
in Section 3.

Proof of Theorem 1.1. We may assume f is not a constant function since it is a trivial case. Then ws(r) >0
for any 7 > 0. Let us first consider the case p € [1,00). Set K = |N/?|2|L1/4|?|[logy(N +2)|*¢| and choose
a small 6 € (0, z1-] such that

13K
Kd5(2|f(0)] +2ws (V)" = [NV P24 ?| |logs (N +2)]/4]d5(2]f (0)] + 2w (V)"
< (wf((N2L2 log, (N + 2))1/d)) :
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By Theorem 2.1, there exists a function ¢ implemented by a ReLU network with width
max {8d| N'/?| +3d, 16N +30} < 16 max {d| N*/?], N + 2}
and depth 11L + 18 such that |¢|| e ray <|f(0)] +ws(Vd) and
(@) - 6(x)| < 130Vdwp (V2L logy(N +2)) "), for any = € [0,1110([0,1]", K. 6),
It follows from u(2([0,1]%, K,§)) < Kdé and I £ee 0,174y < [F(O)] + w(v/d) that
~o(@)rdz+ [ - p(x)Pd
1 =01 t0110) = Jogonge sy @ 0@ Pz [ (@) - o)
p
< Kd5(2|£(0)] + 2wy (V)" + (130\/c_lwf((N2L2 logs (N + 2))”“))
“yay Y RN
< (wf((N2L2 logs (N +2)) )) + (130\/wa((1\7%2 logs (N +2)) ))
p
< (131\/c_iwf((N2L2 logs(N + 2))‘”d)) :
Hence, | f - ¢‘|Lp([071]d) < 131\/8&1]0((]\72[,2 logs(N +2)

Next let us discuss the case p = co. Set K = [Nl/dJ2[L1/dJ2“10g3(N + 2)J1/dJ and choose a small
§ € (0, z=] such that

)—1/d)'

' 3K
d-wp(6) < wp((N2L2logy (N +2)) 7).

By Theorem 2.1, there exists a function ¢ implemented by a ReLU network with width max {Sd[N d| 4
3d, 16N +30} and depth 11L + 18 such that

(&) - 3(x)| < 130Vdwp((N?L2logy(N +2)) ") = ¢,

for any = € [0,1]9\Q([0,1]%, K,5). By Theorem 2.2, there exists a function ¢ implemented by a ReL.U
network with width

39(max {8d|N'/*| + 3d, 16N +30} +4) < 3" max {d N'/*], N + 2}
and depth 11L + 18 + 2d such that
|[f(x) - ¢(x)|<e+d-ws() < 131\/awf((N2L2 logs (N + 2))71/(1)7 for any x € [0,1]%
So we finish the proof. O

2.83. Optimality

This section will show that the approximation rates in Theorem 1.1 and Corollary 1.3 are optimal and
there is no room to improve for the function class Holder([0,1]%, a, \). Therefore, the approximation rate
for the whole continuous functions space in terms of width and depth in Theorem 1.1 cannot be improved.
A typical method to characterize the optimal approximation theory of neural networks is to study the
connection between the approximation error and VapnikChervonenkis (VC) dimension [12, 14-16, 29]. This
method relies on the VC-dimension upper bound given in [5]. In this paper, we adopt this method with
several modifications to simplify the proof.



Let us first present the definitions of VC-dimension and related concepts. Let H be a class of functions
mapping from a general domain X to {0,1}. We say H shatters the set {@1,xo, -, } € X if

|{[h($1)7h(w2), (@) € (0,1} he H}‘ =™,

where |- | denotes the size of a set. This equation means, given any 6; € {0,1} for i = 1,2,---,m, there exists
h € H such that h(x;) = 0; for all i. For a general function set # mapping from X to R, we say # shatters
{x1, @0, @y} € X if T o.F does, where

T(t)::{(l): iig’ and ToF ={Tof:feF}.

For any m € N*, we define the growth function of H as

T

Hy(m):=  max H[h(wl)ﬂ(wz)’...7h(asm)] E{O,l}mthEH}‘.
X1,L2, Ly €X

Definition 2.3 (VC-dimension). Let H be a class of functions from X to {0,1}. The VC-dimension of H,

denoted by VCDim(H), is the size of the largest shattered set, namely,

VCDim(H) = sup{m e N* : Iz (m) = 2™}

if {m e N* : IIz(m) = 2™} is not empty. In the case of {m € N* : Iz (m) = 2™} = @, we may define
VCDim(H) = 0.

Let % be a class of functions from X to R. The VC-dimension of .%, denoted by VCDim(.%#), is defined
by VCDim(.%) := VCDim(T o.% ), where

’T(t)::{(l): ii% and ToF ={Tof:feF}

In particular, the expression “VC-dimension of a network (architecture)” means the VC-dimension of the
function set that consists of all functions implemented by this network (architecture).

We remark that one may also define VCDim(.%) as VCDim(.%) = VCDim(7 o %), where

%(t)::{é: Loy and ToF={Tofifes).

Note that function spaces generated by networks are closed under linear transformation. Thus, these two
definitions of VC-dimension are equivalent.

The theorem below, similar to Theorem 4.17 of [14], reveals the connection between VC-dimension and
approximation rate.

Theorem 2.4. Assume .Z is a set of functions mapping from [0,1]¢ to R. For any e >0, if VCDim(.%) > 1
and

41)2; H¢ - f“L‘”([O,l]d) <€, for any f € Holder([O, 1]da Q, ]-), (22)

then VCDim (%) > (9¢)~Y°.

This theorem demonstrates the connection between VC-dimension of .% and the approximation rate
using elements of . to approximate functions in Hélder([0,1]%,«, ). To be precise, the VC-dimension of .%
determines an approximation rate lower bound VCDim(.#)~*/¢/9, which is the best possible approximation
rate. Denote the best approximation error of functions in Hélder([0,1]¢,«,1) approximated by ReLU
networks with width NV and depth L as

Ea.d(N,L) = sup ( inf
* ( ) feHolder([0,1]4,a,1) e NNV (width<N; depth<L)

Ié- f|Lw([o,1]d)),

We have three remarks listed below.



(i) A large VC-dimension cannot guarantee a good approximation rate. For example, it is easy to verify
that
VCDim({f : f(x) = cos(ax), aeR}) = co.

However, functions in { f: f(x) = cos(ax), ac R} cannot approximate Holder continuous functions
well.

(ii) A large VC-dimension is necessary for a good approximation rate, because the best possible approx-
imation rate is controlled by an expression of VC-dimension, as shown in Theorem 2.4. It is shown
in Theorem 6 and 8 of [5] that the VC-dimension of ReLU networks has two types of upper bounds:
O(WLInW) and O(WU). Here, W, L, and U are the numbers of parameters, layers, and neurons, re-
spectively. If we let N denote the maximum width of the network, then W = O(N?L) and U = O(NL),
implying that

WLInW = O(N°L- LIn(N°L)) = O(N*L*In(NL))
and
WU =O(N?L-NL) = O(N°L?).

If follows that
VCDim(AN (width < N; depth < L)) <min {O(N?L?In(N L)), O(NL?) },

deducing
. —a/d —a/d
Ci(a,d)(min{N?L?In(NL), N*L?}) " < Eqa(N, L) < Ca(a,d)(N*L*InN) (2.3)

implied by Theorem 2.4 implied by Corollary 1.2 and 1.3

where C (a, d) and C(a, d) are two positive constants determined by s, d, and Cs(s, d) can be explicitly
expressed.

e When L = Ly is fixed, Equation (2.3) implies
Ci(a,d, Lo)(N*In N)™/4 < £, 4(N, Lo) < Cy(a,d, Lo)(N?*In N)=/¢,
where C1(a,d, Ly) and Cy(a,d, Ly) are two positive constants determined by a, d, Lo.
e When N = Ny is fixed, Equation (2.3) implies
Ci(a,d, No) L7214 < &, 4(No, L) < Co(a,d, No) L2,

where Cy(a,d, Ny) and Cy(c,d, Ng) are two positive constants determined by «, d, Ny.
e It is easy to verify that Equation (2.3) is tight except for the following region

{(N,L) eN”: C3(ar,d) < N < LoD},

C5 = C3(a,d) and C4 = Cy(c,d) are two positive constants. See Figure 1 for an illustration for
the case C3 = 1000 and Cy = 1/100.

Finally, let us present the detailed proof of Theorem 2.4.

Proof of Theorem 2.4. Recall that the VC-dimension of a function set is defined as the size of the largest
set of points that this class of functions can shatter. So our goal is to find a subset of .% to shatter O(e‘d/ )
points in [0,1]%, which can be divided into two steps.

e Construct {f, : x € #} ¢ Holder([0,1]%,, 1) that scatters O(e~%) points, where % is a set defined
later.
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e Design ¢, € .Z, for each x € &, based on f, and Equation (2.2) such that {¢, : x € F} ¢ .F also
shatters O(e~%*) points.

The details of these two steps can be found below.
Step 1: Construct {f, : x € B} ¢ Holder([0,1]%,a, 1) that scatters O(s~%*) points.

We may assume ¢ < 2/9 since the case € > 2/9 is trivial. In fact, ¢ > 2/9 implies
VCODIim(Z) >1>1/2> 274> > (9¢)~%.
Let K = [(95/2)_1/QJ e N* and divide [0,1]? into K non-overlapping sub-cubes {Qg}gs as follows:
Qp = {a: = (@1, @0, xq]T €[0,1]%: 2 € [%, %], 1= 1,2,---,d},

for any index vector B = [B1, B2, Ba]T €{0,1,---, K — 1}<.
Define a function (g on [0,1]¢ corresponding to @ = Q(xg,n) < [0,1]% such that:
* (o(mo) = (1/2)7/2;
o (o(x) =0 for any = ¢ Q\0Q, where 9Q is the boundary of Q;
® (o is linear on the line that connects x¢ and x for any x € 9Q).

Define
B = {X : x is a map from {0,1,--, K — 1} to {-1, 1}}

For each x € A, we define
fr(x) = > X(8)Gqs (),

Be{0,1, K-1}4
where (g, () is the associated function introduced just above. It is easy to check that {f, : x € &} ¢
Holder([0,1]%, a, 1) can shatter K = O(e~%*) points in [0, 1]%.
Step 2: Construct {¢, : x € B} that also scatters O(¢~%) points.
By Equation (2.2), for each x € 4, there exists ¢, € .# such that

Iéx = frelze=(ro,172) <€ +¢/81.

Let 11(+) denote the Lebesgue measure of a set. Then, for each y € %, there exists H,, < [0,1]¢ with u(H,) =0
such that

|y () — fo ()] < g—fs, for any x € [0, 1]\H,,.
Set H = UyezH,y, then we have p(H) =0 and

oy () = fr(z)| < Ee, for any x € 2 and x € [0,1]\H. (2.4)

Since (g has a sidelength % =1 , we have, for each B ¢€{0,1,-, K —1}¢ and any x € %Qﬁl,

1
(9e/2)71/=]
(@)1= 16 (@)] 2 510, (an)| = 3 (oramhymmey) /2 2 She. (2.5)

where xq, is the center of Qg.

Note that (%Qg)\% is not empty, since u((%Q[;)\H) >0 for each B € {0,1,--, K - 1}¢. Together with
Equation (2.4) and (2.5), there exists xg € (75Qp)\H such that, for each 8 € {0,1,, K - 1} and each
X €%,

|fx(zp)l > %6 > %5 > [fy(zp) — oy (xp)l;

1 %Qﬁ denotes the closed cube whose sidelength is 1/10 of that of Qg and which shares the same center of Qg.
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Hence, f,(zg) and ¢, (zg) have the same sign for each x € % and B¢ {0,1,-+, K - 1}%. Then {¢, : x €
A} shatters {:1:/3 :B€{0,1,, K- 1}d} since {fy : x € #} shatters {:13/3 :B€{0,1,, K- 1}d}. Therefore,

VCDim(.#) > VCDim({¢, : x € B}) > K@ = [(9¢/2)7/*|* > (9¢) ™%,

where the last inequality comes from the fact |x] > /2 > /(21/*) for any z € [1,00) and a € (0,1]. So we
finish the proof. O

2.4. Approximation in irregular domain

We extend our analysis to general continuous functions defined on any irregular bounded set in R
The key idea is to extend the target function to a hypercube while preserving the modulus of continuity.
The extension of continuous (smooth) functions has been widely studied, e.g., [43] for smooth functions and
[44] for continuous functions. For simplicity, we use Lemma 4.2 of [15]. The proof can be found therein.
For a general set E ¢ R, the modulus of continuity of f € C(E) is defined via

wi (r) =sup{|f(z) - f(y): z,y € B, |z -yl2<r}, forany r>0.

In particular, wy(-) is short of wJ}ZJ() in the case of E = [0,1]¢. Then, Theorem 1.1 can be generalized to
f e C(E) for any bounded set E ¢ [-R, R]? with R > 0, as shown in the following theorem.

Theorem 2.5. Given any bounded continuous function f € C(E) with E ¢ [-R,R]? and R > 0, for any
N e N*, L e N*, and p € [1,00], there exists a function ¢ implemented by a ReLU network with width
Cj max {d[Nl/dJ, N+ 2} and depth 11L + Cy such that

-1/d
£ = 6l oy < 13LQR)YPVdwk (2R(N?L logy(N +2)) ),

where Cy =16 and Co =18 if pe [1,00); Cy = 33 and Cy = 18+ 2d if p = co.

Proof. Given any bounded continuous function f € C(E), by Lemma 4.2 of [15] via setting S = [-R, R]¢,
there exists g € C([-R, R]%) such that

e g(x) = f(z) for any x € Ec S = [-R, R]%
. wgs(r) = wf(r) for any r > 0.

Define
G(x) = g(2Rx - R), for any € [0,1]<.

By applying Theorem 1.1 to § € C([0,1]%), there exists a function ¢ implemented by a ReLU network with
width C; max {d[N'/¢], N + 2} and depth 11L + C5 such that

~ ~1/d

16 =Gl Lo qo.114) < 131Vdwg((N? L logs(N +2)) ),

where C; =16 and Cy = 18 if p € [1,00); C; = 393 and Cy = 18 + 2d if p = 0.

Note that f(z) = g(x) =G(%2) for any x € Ec S = [-R, R]? and

wy(r) = W?(QRT) = w?(QRr), for any r > 0.

Define ¢(x) = gz~5( w;lf‘ =go L(z) for any x € RY, where £ : R? - R? is an affine linear map given by
L(x) = '””;RR. Clearly, ¢ can be implemented by a ReLU network with width C; max{d[Nl/dJ, N+ 2} and
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depth 11L + Co, where C; = 16 and Co = 18 if p € [1,00); Cy = 393 and Cy = 18 + 2d if p = co. Moreover, for

any ¢ € Ec S =[-R,R]¢, we have E}R € [0,1]¢, implying

lé= flrecey =16 =glom) = |60 L=Fo L] o(r)
<[ foL-FoLlrrryy = 2CR)"|6 -] Lo o110
< 1312R) 7wy (N2 L2 logy (N +2)) ")

= 1312R) /AW (2R(N?L*logy(N +2)) "),

With the discussion above, we have proved Theorem 2.5. O

3. Proof of Theorem 2.1

We will prove Theorem 2.1 in this section. We first present the key ideas in Section 3.1. The detailed
proof is presented in Section 3.3, based on two propositions in Section 3.1, the proofs of which can be found
in Section 4.

3.1. Key ideas of proving Theorem 2.1

Given an arbitrary f € C([0,1]%), our goal is to construct an almost piecewise constant function ¢
implemented by a ReLU network to approximate f well. To this end, we introduce a piecewise constant
function f, ~ f serving as an intermediate approximant in our construction in the sense that

frfpon[0,1]* and f,~¢ on[0,1]Q([0,1]% K,6).

The approximation in f ~ f, is a simple and standard technique in constructive approximation. The most
technical part is to design a ReLLU network with the desired width and depth to implement a function ¢ with
¢ =~ f, outside Q([0,1]%, K,5). See Figure 4 for an illustration. The introduction of the trifling region is to
ease the construction of ¢, which is a continuous piecewise linear function, to approximate the discontinuous
function f,, by removing the difficulty near discontinuous points, essentially smoothing f, by restricting the
approximation domain in [0,1]\Q([0,1]¢, K, d).

2.0
— f
1.5 /)
1.0 —
— (s
0.5 ([0, 1], K, §)
0.0 * (l‘ﬂa f(l’ﬂ))
Qo Q1 Qo Qs Qs Qs Qs Q7 Qs

0 1/9 2/9 3/9 4/9 5/9 6/9 7/9 8/9 1

Figure 4: An illustration of f, fp, ¢, ®g, @, and the trifling region Q([0, 1]d,K,5) in the one-dimensional case for [ €
{0,1,--, K-1}¢ where K = N2L? logs(N+2) and d = 1 with N =1 and L = 3. f is the target function; fp is the piecewise constant
function approximating f; ¢ is a function, implemented by a ReLU network, approximating f; and xg is a representative of
Qgp. The measure of 2([0,1]%, K, ) can be arbitrarily small as we shall see in the proof of Theorem 1.1.

Now let us discuss the detailed steps of construction.

(i) First, divide [0,1]¢ into a union of important regions {Qg}s and the trifling region Q([0,1]¢, K, ),
where each Qg is associated with a representative g € Qg such that f(zg) = f,(zg) for each index
vector B €{0,1,...,K-1}%, where K = O((N?L?In N)'/?) is the partition number per dimension (see
Figure 7 for examples for d =1 and d = 2).
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(ii) Next, we design a vector function ®1(x) constructed via

®1(2) = [61(21), 61(22), = b1 (za)]"

to project the whole cube Qg to a d-dimensional index 3 for each 3, where each one-dimensional
function ¢, is a step function implemented by a ReLU network.

(iii) The third step is to solve a point fitting problem. To be precise, we construct a function ¢, implemented
by a ReLU network to map B € {0,1, -, K — 1} approximately to f,(xg) = f(zg). Then ¢z 0 ®1(z) =
62(8) ~ fy(wg) = f(p) » f(x) for any @ ¢ Qp and cach B, implying ¢ = g3 0 &y » f, » f on
[0,1]4\Q([0,1]%, K, §). We would like to point out that we only need to care about the values of ¢o
at a set of points {0,1,---, K — 1}¢ in the construction of ¢y according to our design ¢ = ¢y o ®; as
illustrated in Figure 5. Therefore, it is not necessary to care about the values of ¢o sampled outside
the set {0,1,---, K — 1}%, which is a key point to ease the design of a ReLU network to implement ¢
as we shall see later.

. Q0,1)7 1\’.;5) for K : 4.d :12
R T ®i(2) =B A set of
Qgifor 6. € 10,1,2,3} d-dimensional indices:
* zgfor Be{0,1,23} :
1_007""”;7”””” i I ,,,,,,,é,,,,,,, fOI' T e Qﬁ 18 6 {O7 17 BN K J— 1}d

ﬂ¢xmzf@m

A set of function values
at representatives:

{f(il?,@):,@é{o,l,--- aK—l}d}

0.00 0.25 0.50  0.75 1.00

Figure 5: An illustration of the desired function ¢ = ¢o0®;. Note that ¢ ~ f on [0,1]M\Q([0,1]%, K, §), since ¢(x) = ¢p20P1 () =
$2(B) ~ f(xzp) ~ f(x) for any x € Qg and each B€{0,1,, K - 1}%.

We remark that in Figure 5, we have

H(x) = ¢20 By (x) = 62(B) % f(mp) % f(2)

for any @ € Qg and each 8¢ {0,1,---, K — 1}2. Thus, ¢ - f is bounded by & + & outside the trifling region.
Observe that & is bounded by w;(v/d/K). As we shall see later in Section 3.3, & can also be bounded
by ws(vV/d/K) by applying Proposition 3.2. Hence, ¢ — f is controlled by 2w;(v/d/K) outside the trifling
region, which deduces the desired approximation error.

Finally, we discuss how to implement ®; and ¢5 by deep ReLU networks with width O(N) and depth
O(L) using two propositions as we shall prove in Section 4.2 and 4.3 later. We first show how to construct
a ReLU network with the desired width and depth by Proposition 3.1 to implement a one-dimensional step
function ¢;. Then ®; can be attained via defining

T
() = [¢1($1)a ¢1(x2), -+, ¢1($d)] , forany = [$1,$27"'a$d]T eR%.
Proposition 3.1. For any N,L,deN" and ¢ € (0, %] with

K = [NY4P| LY [n?),  where n = |logs(N +2)],

there exists a one-dimensional function ¢ implemented by a ReLU network with width 8[N1/dJ +3 and depth
2| LY4| + 5 such that

() =k, fawe[, B _§ 14 0] for k=01, K-1.
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The setting K = | NY|2|LY4 2| nt/4| = O(N??L2/4n1/9) is not neat here, but it is very convenient for
later use. The construction of ¢5 is a direct result of Proposition 3.2 below, the proof of which relies on the
bit extraction technique in [3].

Proposition 3.2. Given any € >0 and arbitrary N, L, J € N* with J < N?L?*|log;(N +2)|, assume y; > 0
for7=0,1,---J -1 are samples with

ly; —yj-1l<e, forj=1,2,- J-1
Then there exists ¢ € NN (#input = 1; width < 16N + 30; depth < 6L + 10; #output = 1) such that
(i) 160) - il <= for j= 0,1, 1.
(1) 0 < ¢(x) <max{y;:j=0,1,---,J -1} for any x e R.

3.2. Construction of final network

We will discuss the construction of the final network approximating the target function with the same
setting as in Section 3.1. There are two main parts: 1) Construct the final network architecture based on
Proposition 3.1 and 3.2; 2) Implement the network architectures in Proposition 3.1 and 3.2.

Final network architecture based on Proposition 3.1 and 3.2
By the idea mentioned in Figure 5, the final network architecture can be implemented as shown in
Figure 6.

o p1/d AL\
At U A=y
T1e O(NY/) ¢1 .
A r1/d
= U
Toe O(NY) ¢1 L]

Arl/d
\=ARETT)

Tie ONY?Y ¢1 .

() = [¢1(21), -, Pr(wa)]” ¢ = 1Pa 01y

Figure 6: An illustration of the final network architecture with width max{O(dN/?), O(N)} and depth O(L). ¢ : R* - R
is a linear function. ¢; and w2 are implemented via Proposition 3.1 and 3.2, respectively.

Note that ¢; in Figure 6 is a step function mapping x € [%, %—5']1{1651(,1}] to k for each k € {0,1,-+, K-

1}. Tt can be easily implemented via Proposition 3.1. Clearly, by defining ®1(x) = [¢1(x1 ), d1(x2), 1 (xd)]
@, maps x € Q3 to B.

As shown in Figure 5, we need to design a network to compute ¢y mapping 8 € {0,1,--, K — 1}¢
approximately to f(xg). To this end, we first construct a linear function v; : R? - R mapping 3 €
{0,1,--, K~1}4 to R for the purpose of converting a d-dimensional point-fitting problem to a one-dimensional
one, and then construct a network to compute 1o with ¥2(¢1(8)) » f(xg) via applying Proposition 3.2.
Thus, we have ¢2(8) =120 (8) ~ f(xz) as desired.

Network architectures in Proposition 3.1 and 3.2

To prove Proposition 3.1, we need to construct a ReLU network with width O(N'/4) and depth O (L)
to compute a step function with O ((N 2I2InN )1/ d) “steps” outside the trifling region. It is easy to construct
a ReLU network with O(WW') parameters to compute a step function with W “steps” outside a small region.
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As we shall see later in Section 4.2, the composition architecture of ReLU networks can help to implement
step functions with much more “steps”. Refer to Section 4.2 for the detailed proof of Proposition 3.1.
Proposition 3.2 essentially solves a point-fitting problem with N?L?|logs (NN +2)] points via a ReLU net-
work with width O(N) and depth O(L). Set M = N2L, T = L|log;(N+2) |, and represent j € {0,1,---, ML-1}
via j = mL + k, where m € {0,1,---, M -1} and k € {0,1,--, L - 1}.
Define apm, i = |Ym,x/e] where ym ik =, 7,5 Then

|am,k€ - ym7k| = |Lym,k/5J€ - ym,k| <e.

It suffices to prove ¢(m, k) = Gy, k. The assumption |y;—y;-1| < € implies that by, = @ k—Gm k-1 € {-1,0,1}.
Thus, there exist ¢, € {0,1} and dy, x € {0,1} such that by, x = ¢k — dim k-
Note that

k k k k
Am k= Am,0 + Z(am,j - am,j—l) =Qm,0 t Z bm,j =m0t Z Cm,j — Z dm,j~
J=1 J=1 J=1 J=1
It is easy to construct a ReLU network with width O(N) and depth O(L) (O(N?L) parameters in
total) to compute ¢1 such that ¢1(m) = a0 for each m € {0,1,--,M - 1} with M = N?L. By the bit
extraction technique in [3], one could construct ¢o, 3 € NN (width < O(N); depth < O(L)) such that
$2(m, k) = X4 emy; and ¢3(m, k) = X5y dpj. Thus, ¢(m, k) = ¢1(m) + ¢p2(m, k) — d3(m, k) = am as
desired.
In order to use the bit extraction technique (two types of bits 0 or 1) to solve the point-fitting problem,
we essentially simplify the target as discussed above. That is,

positive number y,, x —> integer apm k = [Ym.k/e ]~ Ym.k
- bm,k =am,k — Am k-1 € {_17 0, 1}
- bm,k =Cm,k — dm,k: with Cm, ks dm,k € {Oa 1}

The detailed proof of Proposition 3.2 can be found in Section 4.3.

3.8. Detailed proof

We essentially construct an almost piecewise constant function implemented by a ReLU network with
width O(N) and depth O(L) to approximate f. We may assume f is not a constant function since it is a
trivial case. Then wy(r) >0 for any r > 0. Tt is clear that |f(z) - f(0)| < w;(v/d) for any z € [0,1]%. Define
f=F-f(0)+wp(\/d), then 0 < f(x) < 2w;(+/d) for any x € [0,1]°.

Let M = N2L, n = [logs(N +2)|, K = [NY?]?| LY?|?|n/¢|, and & be an arbitrary number in (0, ol
The proof can be divided into four steps as follows:

1. Normalize f as f, divide [0,1]% into a union of sub-cubes {Qp}gef0,1,,k-132 and the trifling region
Q([0,1]%, K, 5), and denote xg as the vertex of Qg with minimum | - |; norm;

2. Construct a sub-network to implement a vector function ®; projecting the whole cube (g to the
d-dimensional index 3 for each 3, i.e., ®1(x) = 3 for all x € Qp;

3. Construct a sub-network to implement a function ¢ mapping the index 3 approximately to f(mg)
This core step can be further divided into three sub-steps:

3.1. Construct a sub-network to implement v bijectively mapping the index set {0,1,---, K - 1} to
an auxiliary set A; € {QJW :7=0,1,- 2K d} defined later (see Figure 8 for an illustration);

3.2. Determine a continuous piecewise linear function g with a set of breakpoints A; U Az U {1}
satisfying: 1) assign the values of g at breakpoints in A; based on {f(xg)}g, i.e., gov1(B) =
f(:cg); 2) assign the values of g at breakpoints in Ay U{1} to reduce the variation of g for applying
Proposition 3.2;
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3.3. Apply Proposition 3.2 to construct a sub-network to implement a function w5 approximating
g well on A; U Ay U {1}. Then the desired function ¢» is given by ¢o = s o 11 satisfying

$2(B) =2 0 ¥1(B) ~ g0 1(B) = f(zp);

4. Construct the final network to implement the desired function ¢ such that ¢(x) = ¢2 0 ®1(x) + f(0) -
wi(Vd) » f(xg) + £(0) —wp(Vd) = f(xg) ~ f(x) for any x € Qg and B € {0,1,--, K - 1}<.

The details of these steps can be found below.

Step 1: Divide [0,1]¢ into {Qp}Bet0,1,,k-134 and Q([0, 114, K, 6).
Define zg = 3/K and

Qp = {m = (o1, xa]T € [0,1]0 my e [, B2 515 i 0], 0= 1, ...7d}

for each d-dimensional index B3 = [B1,-, 84]7 € {0,1,--, K — 1}, Recall that Q([0,1]%, K,§) is the trifling
region defined in Equation (2.1). Apparently, g is the vertex of Qg with minimum | - |; norm and

[0,1] = ( UBe{0,1,,K~1}4 Qﬂ) Uea(o, 14, K,9).

See Figure 7 for illustrations.

(0,17, K,0) for K =4,d=1 (0, 1%, K,08) for K =4, d =2

Qpfor B €{0,1,2,3} Qg for B € {0,1,2,3}>
* axgfor Be€{0,1,23} *  xgfor Be{0,1,2,3)°
1.00! | | | |
0.75
5 5 5
* _— _— —
Q @ @ @ 0.50
0.25
0.00
0.00 0.25 0.50 0.75 1.00
(a)

Figure 7: Illustrations of Q([0,1]%, K,§), Qg, and zg for B {0,1,~-, K -1}, (a) K=4and d=1. (b) K=4 and d =2.

Step 2: Construct ®; mapping € g to 8.

By Proposition 3.1, there exists ¢; € ANV (width < 8| NY/4| + 3; depth < 2| L'/¢| + 5) such that
pr(z) =k, ifze[L Bl 5.1, g o]for k=01, K-1.

It follows that ¢1(x;) = B; if @ = [21, 72, ,24]7 € Qg for each B = [B1, B2, Ba]™.
By defining

T
@1(15) = [¢1((E1), ¢1($2)7 T (;Zsl(xd)] ) for any & = [x17x27"'7$d]T € Rd?
we have &, (x) = B if z € Qg for each B € {0,1,--, K — 1}<.

Step 3: Construct ¢2 mapping B approximately to f(wg)
The construction of the sub-network implementing ¢ is essentially based on Proposition 3.2. To meet

the requirements of applying Proposition 3.2, we first define two auxiliary set A; and As as

Ay = { s + 527 :i=0,1,, K¥'-1 and k=0,1,-, K -1}
17
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Figure 8: An illustration of Ay, A, {1}, and g for d =2 and K =4.

and

Api={ s+ £k vi=0,1, K¥'-1 and k=0,1,, K -1}.

Clearly, Ay uAyu{l} = {ZJW :5=0,1,-,2K%} and A; n Ay = @. See Figure 7 for an illustration of A; and
As. Next, we further divide this step into three sub-steps.

Step 3.1: Construct v, bijectively mapping {0,1,---, K — 1}% to A;.

Inspired by the binary representation, we define

d-1
Tq T T d
i(x)=—=+ > —, forany @ =[x1,2, -, 24] €R" (3.1)
2Kd ; Ki

7

Then ¢ is a linear function bijectively mapping the index set {0,1,---, K —1}% to

d-1
{f;?d + 3 B Bef{0,1,, K - 1}d}
i=1

={ o tomg1i=0,1, K"-1 and k=01, K -1} =A.
Step 3.2: Construct g to satisfy goy; (8) = f(g) and to meet the requirements of applying Proposition 3.2.

Let g : [0,1] — R be a continuous piecewise linear function with a set of breakpoints {QJW :5=0,1,-, 2Kd} =
A1 U Ay U {1} and the values of g at these breakpoints satisfy the following properties:
e The values of g at the breakpoints in A; are set as

9(¥1(B)) = f(zp), for any Be{0,1, K -1}% (3.2)

e At the breakpoint 1, let g(1) = f(1), where 1 =[1,1,---,1]7 e R%

e The values of g at the breakpoints in A5 are assigned to reduce the variation of g, which is a requirement
of applying Proposition 3.2. Note that

{7 - 55, i) e Aiu{l), fori=1,2, K,

implying the values of g at ﬁ - ?IQ and Kﬁ,l have been assigned for i = 1,2,---, K%' Thus, the

values of g at the breakpoints in Ay can be successfully assigned by letting g linear on each interval

i K+l i ; d-1 K4“lr 4 K+l i ;
[W T SKRd» W] for ¢ = 172,"',K , smce AQ c Ui:1 [W Y CE W] See Flgure 8 for an

illustration.
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Apparently, such a function g exists (see Figure 8 for an example) and satisfies

|g(2jﬁ) _9(2][_(1(1)‘ < maX{Wf(%),Q}f(\/c_l)/K} < wf(%)v for .7 = 172a"'72Kd7

and

0<g(5ka) <2wp(Vd), for j=0,1,-- 2K

Step 3.3: Construct v, approximating g well on A; U Ay U {1}.
Note that

2K = 2([N1/dj2[L1/dJ2[n1/dJ)d <2(N%L*n) < N*[V2L]*|logs(N +2)].
By Proposition 3.2 (set y; = g(zj?) and € = wf(%) > 0 therein), there exists
Uy € NV (#input = 1; width < 16N + 30; depth < 6[v/2L] + 10; #output = 1)

such that _ 4
|¢2(])_g(2jﬁ)|£wf(§), forj:0317"'72Kd_17

and
0< () < max{g(#) :j5=0,1,--,2K% -1} <2w(Vd), for any x €R.

By defining 12 (z) = 12 (2K %) for any x € R, we have 15 € NN (#input = 1; width < 16N + 30; depth <
6[V/2L] +10; #output = 1),

0 < 1ho(x) = o (2K %) < 2wy (Vd), for any z € R, (3.3)

and

(i) = 9(ai)| = [P2() = 9| < ws (4E), for j = 0,1, 2K~ 1. (34)

Let us end Step 3 by defining the desired function ¢ as ¢ = 13 o ¥1. Note that ¢ : R > R is a

linear function and 1, € NNV (#input = 1; width < 16N + 30; depth < 6[+/2L] + 10; #output = 1). Thus,

$2 € NN (#input = 1; width < 16N + 30; depth < 6[\/2L] + 10; #output = 1). By Equation (3.2) and (3.4),
we have

[62(8) - Fl@p)| = 2 (41(8)) - 9(v1(8))] < wy (), (3:5)
for any B € {0,1,--, K —1}¢. Equation (3.3) and ¢o = 15 01/, implies

0 < go() < 2wp(Vd), for any e R (3.6)

Step 4: Construct the final network to implement the desired function ¢.

Define ¢ = ¢g 0 ®; + f(0) — wys(V/d). Since ¢; € NN (width < 8 N/¢| +3; depth < 2| L] + 5]), we
have ®; € NN (#input = d; width < 8d| N'/?| + 3d; depth < 2L + 5; #output = d). If follows from the fact
[V2L]<[3L]< 3L+ 1 that 6[v/2L]+10 < 9L + 13, implying

$2 € NNV (#input = 1; width < 16N + 30; depth < 6[v/2L] + 10; #output = 1)
c AWV (#input = 1; width < 16 N +30; depth < 9L + 13; #output = 1).

Thus, ¢ = ¢y 0 B, + f(0) —w(V/d) is in

AN (width < max{8d|N'/*| + 3d, 16N +30}; depth < (2L +5) + (9L +13) = 11L + 18).
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Now let us estimate the approximation error. Note that f = f+ f(0) —w;(v/d). By Equation (3.5), for
any x € Qg and B € {0,1,--, K — 1}%, we have

(@) - d(@)| = |f(2) - $2(®1(2))| = | () - 62(B)]
<|f(@) - Flzp)| + | F(xp) - 62(B)|
<wp() + w0y (L) < 207 (64VA(N2 L2 ogy (N +2)) ),
where the last inequality comes from the fact

i arl/d 2y p1/d 2y 1/d | o N24p2/apl/d N2 log, (N+2) [V (N2L? logy (N +2))'/¢
K =[NP LV ] 2 52 = 35 2 61 ;

for any N,L € N*. Recall the fact wy(j-r) < j-wys(r) for any j € N* and r € [0,00). Therefore, for any
X € Uﬁe{O,l,m,K—l}d ng[O, ].]d\Q([O, 1]d, K, 5), we have

£ (@) - 6(x)| < 2wy (64V/A(N? L logy (N +2)) ")
< 264/ |y (V222 logy (V +2)) ")
< 130v/dey (N2 L2 logy (N +2)) ).
It remains to show the upper bound of ¢. By Equation (3.6) and ¢ = ¢2 0 ®1 + £(0) —w(v/d), it holds
that @] e~ ray < [f(0)] +ws(V/d). Thus, we finish the proof.

4. Proofs of propositions in Section 3.1

In this section, we will prove Proposition 3.1 and 3.2. We first introduce several basic results of ReLU
networks. Next, we prove these two propositions based on these basic results.

4.1. Basic results of ReLU networks

To simplify the proofs of two propositions in Section 3.1, we introduce three lemmas below, which are
basic results of ReLU networks

Lemma 4.1. For any N1, Ny € N*, given Ny(No+1) +1 samples (z;,v;) € R? with xo <1 < -+ < TN, (Nao+1)
andy; >0 fori=0,1,---, Ny (Nao+1), there exists ¢ € NN (#input = 1; widthvec = [2N7,2No+1]; #output = 1)
satisfying the following conditions.

(Z) (,Z5(f£l) =Y; fOT’ 1= 0, 1,”',N1(N2 + 1)
(i) ¢ is linear on each interval [z;_1,2;] fori ¢ {(No+1)j:j=1,2,--- Ny }.
Lemma 4.2. Given any N, L,d € N*, it holds that

NN (#input = d; widthvec = [N, NL]; #output =1)
c NV (#input = d; width < 2N +2; depth < L + 1; #output = 1).

Lemma 4.3. For any n € N*, it holds that
CPWL(R, n) ¢ NN (#input = 1; widthvec = [n +1]; #output = 1). (4.1)

Lemma 4.1 is a part of Theorem 3.2 in [14] or Lemma 2.2 in [13]. Lemma 4.1 is Theorem 3.1 in [14] or
Lemma 3.4 in [13]. It remains to prove Lemma 4.3.
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Proof of Lemma 4.3. We use the mathematics induction to prove Equation (4.1). First, consider the case
n=1. Given any f € CPWL(R, 1)7 there exist a1, a2, x9 € R such that

f(m):{ ar(x—xo) + f(xo), if x>,

as(xo—x) + f(xo), if z<xo.
Thus, f(z) =a10(x —xo) +azo(xg —x) + f(xo) for any x € R, implying
f e NN (#input = 1; widthvec = [2]; #output = 1).

Thus, Equation (4.1) holds for n = 1.

Now assume Equation (4.1) holds for n = k € N*, we would like to show it is also true for n = k + 1.
Given any f ¢ CPWL(R,k + 1), we may assume the biggest breakpoint of f is xg since it is trivial for the
case that f has no breakpoint. Denote the slopes of the linear pieces left and right next to zg by a; and as,
respectively. Define

f(z) = f(z) - (ag —a1)o(x —x), for any x € R.

Then fhas at most k breakpoints. By the induction hypothesis, we have
f e CPwL(R, k) € ANV (4input = 1; widthvec = [k + 1]; #output = 1).

Thus, there exist wo_j,bo, j,wn,j,b1 for j=1,2,--- k+1 such that

k+1
= Y wy jo(wo x+bo;)+by, forany zeRR.

Therefore, for any = € R, we have

k+1
f(x) = (a2 —a1)o(x —x0) + f(x) = (ag —a1)o(x —z9) + Z wy ;o (wo,;x +bo,j) + b1,
j=1

implying f € NN (#input = 1; widthvec = [k +2]; #output = 1). Thus, Equation (4.1) holds for &k + 1, which

means we finish the induction process. So we complete the proof. O

4.2. Proof of Proposition 3.1

Now, let us present the detailed proof of Proposition 3.1. Denote K = M-I, where M = | N4 2| LV,
n = |logs(N +2)], and L = |LY?|[n'/?]. Consider the sample set

{(1,M -1), (2,00} U{(,m):m=0,1,--,M -1}
{(m+1 d,m):m = 0,1,~~~,]\7—2}.

Its size is N
20 +1 = 2l MR LY 1 = [NYI] (2 NYLLY) - 1) +1) +1.

By Lemma 4.1 (set Ny = [N'¢] and N, = 2| NY/4||L'/?] -1 therein), there exists
¢1 € NV (widthvec = [2 N4 22| NV LY - 1) +1])
= NV (widthvec = [2| N4 | 4| NV || LY4] - 1])

such that

‘¢1( =) = ¢1(1) =M —1and ¢1($2) = 1 (%2 = 5) =m for m=0,1,--, M - 2.

L _ 5] for m=0,1,--, M - 2.
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Then, for m =0,1,---, M — 1, we have
¢1(x) =m, forany ze[Z, % =01, 770y ] (4.2)
Now consider another sample set
{(M’ 1) (2 O)}U{(ML7€)£:05177L_1}
U{(&+-6,0):£=0,1,--,L-2}.

Its size is _
2L +1=2[ LY [0 + 1= [n'4]- (2 LY~ 1) +1) +1

By Lemma 4.1 (set Ny = [n'/?] and Ny = 2| LY/¢| — 1 therein), there exists
¢2 € NN (widthvec = [2[n'/?],2(2[ L] - 1) +1])
= NN (widthvec = [2[n"/?], 4| LY?] - 1])

such that
o d2(kd) = 9a() =T -1 and ¢a(55) = do(k = 6) =L for £=0,1,, L -2.
e ¢y is linear on [% %] and each interval []T/I%, &mL 0] for £=0,1,-+, L -2.
It follows that, for m=0,1,, M -1 and £=0,1,--, L -1,
d)g(x—%):& for anyxe[mj\fze,% 0 Lypezoyl- (4.3)
=M- Z mphes any k € {0,1,--, K — 1} can be unique represented by k = mL+/¢form=0,1,--,M-1
and ¢ =0,1,---, L—1. Then the desured functlon ¢ can be implemented by a ReLU network shown in Flgure 9.

¢1(~T) =m @
.\. \ \/$[77LZ +l=k= ¢(x)]

—>H—$2—> pa(z — ) =4

Figure 9: An illustration of the network architecture implementing ¢ based on Equation (4.2) and (4.3) for ze|

Uiperooy] = [BEEE, MLl 5.0 o7 5 o 1< )] Where k=mL + € for m=0,1,-,M -1 and £=0,1,--, L - L.

k k
K0

7

Clearly,
o(x)=k, ifzxe [%, % =0 Nper-2y], forany ke{0,1,--- K -1}
By Lemma 4.2, we have
¢1 € NV (#input = 1; widthvec = [2[ N4 |, 4| N4 || L] - 1]; #output = 1)
< MV (#input = 1; width < 8| NY4| +2; depth < |LY%] +1; #output = 1)
and
2 € NN (#input = 1; widthvec = [2[n'/?], 4| L] - 1]; #output = 1)
c N/\/(#input =1; width < 8|n"?| +2; depth < |LY?] +1; #output = 1).

Recall that n = |logz(N +2)] < N. It follows from Figure 9 that ¢ can be implemented by a ReL.U network
with width
max {8 N'/4] +2+1,8[n"|+2+1} =8| N4 +3
and depth
(LY + 1) +2+ (|LY?] +1) + 1 = 2| L] + 5.
So we finish the proof.
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4.8. Proof of Proposition 3.2

The proof of Proposition 3.2 is based on the bit extraction technique in [3, 5]. To simplify the proof,
we first prove Lemma 4.4, 4.5, 4.6, and 4.7, which serve as four important intermediate steps. Next, we will
apply Lemma 4.7 to prove Proposition 3.2. In fact, we modify this technique to extract the sum of many
bits rather than one bit and this modification can be summarized in Lemma 4.4 and 4.5 below.

Lemma 4.4. For any n € N*, there exists a function ¢ in
NN(#input =2: width < (n+1)2"*!; depth < 3; #output = 1)
such that: Given any 0; € {0,1} for j=1,2,--,n, we have
#(bin 0.6, 0y Z for any i € {0,1,2,--,n}.>
j=1
Proof. Define 6 = bin0.6,605---0,,. Clearly,
0;=126]/2-12""0], for any je{1,2,- n}.

We shall use a ReLU network to replace |-|. Let g ¢ CPwL(R,2"*! —2) be the function satisfying two
conditions:

e ¢ matches set of samples

2" -1

U {(k.k), (k+1-6,k)},  where 6 =2,
k=0

e The breakpoint set of g is

(Q;L;JOI {k, e+ 1-0})\ ({03 2" - 8}).

Then g(z) = |z| for any = € U2_5 [k, k+1-6]. Clearly, 0 = bin0.6,65---6,, implies

2"-1

270e | [k,k+1-08], foranyje{0,1,2,-,n}.
k=0
Thus, 4 4 4 4
0; = [QJGJ/Q - [23_19J = g(279)/2 —g(2]_19)7 for any j € {1,2,---,n}. (4.4)

It is easy to design a ReLU network to output 61,62, -+, 6,, by Equation (4.4) when using 6 = bin 0.6, 65---6,,
as the input. However, it is highly non-trivial to construct a ReLU network to output 23-:1 0; with another
input 7, since many operations like multiplication and comparison are not allowed in designing ReLLU net-
works. Now let us establish a formula to represent 2221 6; in a form of a ReLU network as follows.

Define T(n) = o(n+1) —o(n) = {5 2> for any integer n. Then, by Equation (4.4) and the fact
2129 = o(x1 + w2 — 1) for any x1, x5 € {0, 1} we have, for i =0,1,2,---,n,

i

2. 0;

j=1

M=

i “T(i-7) = 0(9 +T(z—])—1)

<.
Il
Jy

M=

0(0 +o(i-j+1)-o(i-j)- 1)

<.
Il
—

NIE

o(9(20)/2-g(20) +o(i-j+1) = a(i-j) - 1).

<.
1]
—

2By convention, Z;":n a; =0 if n >m, no matter what a; is for each j.
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Define
2= U(g(2j9)/2 —g(270) +o(i-j+1)-0(i-j) - 1), (4.5)
for any 7,5 € {1,2,---,n}. Then the goal is to design ¢ satisfying

#(0,1) = Z =Yz, foranyic{0,1,2,-,n}. (4.6)
j=1 j=1

See Figure 10 for the network architecture implementing the desired function ¢.

Input 1 3 Output

‘ 9(20) \
\
% [n (920)/2 = 9(0) + (i) = oli = 1) 1) = ]

m j[o(g(?ﬁ)/? —g(2'0) +oli—1)—o(i—2) — 1) - m}

9(2"9)

g

/ — | /

\ [ ( (270)/2 — g(2"7'0) +o(i —n+1) —o(i —n) — l) :Zu,]
az—n+1

(,L,,L

()

Figure 10: An illustration of the network implementing the desired function ¢ with the input [0,4]7 = [bin0.01602---0y, i]T for
any i € {0,1,2,---,n} and 01,802,605 € {0,1}. g(27-) can be implemented by a one-hidden-layer network with width 2"+ -1 for
each j € {0,1,2,---,n}. The red numbers above the architecture indicate the order of hidden layers. The network architecture is
essentially determined by Equation (4.5) and (4.6), which are valid no matter what 61,62,--,0, € {0,1} are. Thus, the desired
function ¢ is independent of 61,603,--,0, € {0,1}. We omit ReLU (o) for a neuron if its output is non-negative without ReLU.
Such a simplification are applied to similar figures in this paper.

By Lemma 4.3, we have
g€ CPwL(R, 2" - 2) ¢ AV (#input = 1; widthvec = [2"*! —1]; #output = 1),
implying
g(27.) e CPwL(R, 2" - 2) ¢ ANV (#input = 1; widthvec = [27 —1]; #output = 1)7
for any j =0,1,2,---,n. Clearly, the network in Figure 10 has width
(n+1)(2"' 1)+ (n+1) = (n+1)2"*"
and depth 3. So we finish the proof. O
Lemma 4.5. For any n, L € N*| there exists a function ¢ in
NN(#input =2: width < (n+3)2""! +4; depth < 4L +2; #output = 1)
such that: Given any 0; € {0,1} for j=1,2,---, Ln, we have
k
¢(bin0.0105---01,,, k) = Z 0;, forany ke{l,2,---,Ln}.

j=1
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Proof. Let g; e CPwL(R,2"*! —2) be the function satisfying:

e ¢; matches the set of samples
2" -1
U {(iai)7 (i+1- (5,2')}, where § = 27 (En+1),
i=0
e The breakpoint set of g is
281 .. . .
( U {G0), (i +1-6,0)})\({0yU2" - 3}).
i

Then gy (z) = || for any = € U¥ 5 [i,i+1-6]. Note that
2"-1
2" - bin0.0pps10pn € |J [4,i+1-6], forany £€{0,1,-+,L—1}.
i=0

Thus, for any ¢ € {0,1,---,L — 1}, we have

2 bin0.0n i1 Orn] _ g1(2" - Din0.Ggns1-0rn)

bin0.92n+1---05n+n = on on (47)
Define go(x) := 2"x — g1 (2"z) for any 2 € R. Then g, € CPwL(R,2"*! - 2) and
bin 0.0t 1ynar-Orn = 2" (DI0.Opn i1 Orn = bin0.Opms1 O en )
. 4.8)
9" bin0.0gs1O1n , (
_ 2"(bin0.92n+1---9Ln _ g1( n 2ne +10L )) = g2 (bin0.0pn41---0Ln ).
By Lemma 4.4, there exists
¢1 € NIV (#input = 2; width < (n+1)2"*"; depth < 3; #output = 1)
such that: For any &1,&2,, &, € {0,1}, we have
¢1(bin0.£1&2-+&p, 1) = Z &, fori=0,1,2,--- n.
j=1
It follows that
$1 (b0 0.0r4100ms2-Ormsn, 1) = 3 Opmsjy for £=0,1, L—1and i=0,1,-n. (4.9)
j=1

Define ¢ ¢(x) = min{o(x—¥¢n), n} for any x e R and £ € {0,1,--,L—-1}. For any k € {1,2,---, Ln}, there
exists k1 € {0,1,---,L — 1} and ko € {1,2,---,n} such that k = kin + ks, implying

k kin+ko k1-1 n k1 ko L-1 0
0= 0 (S) 5 (S0 e S (S0m)
i-1 i=1 =0 \ j=1 f=Fy \ j=1 f=Fr+1 \ j=1 £.10)
L-1 / min{o(k-¢n),n} L-1 [ ¢2,e(k) ( '
(TS )-8 )
=0 i=1 =0\ j=1

Then, the desired function ¢ can be implemented by the network architecture in Figure 11.
By Lemma 4.3, we have

91,92 € CPwL(R, 2" - 2) ¢ NN(#input = 1; widthvec = [2"*! — 1]; #foutput = 1).
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(bin0.01 00, —G2— (bin00u:1 0] —G2— (bin0.bsu 1+ 0) —G2— (bin0.031 -+ 01,) (P01 01
o T T T~

\[\)inO 0, 0,,] [b;; 0.0y -+ HH,,] [bi;wz,,,, . em,,] [bm 0.0 a1 e“,m,,,] [biqu(;(L,‘),,“ . ﬁ{L,,W,]

aﬁ\

MY L1 K
Z Z sy |—— Z Opuss = 29, = G(bin0.; - O, k)
i =

=0 j=1 =0 j=

@n,1-2(k) b2.0-1(k)

Figure 11: An illustration of the network implementing the desired function ¢ with the input [bin0.01602---0r,,k]T for any
k € {1,2,+,Ln} and 601,02,-,01, € {0,1}. The network architecture is essentially determined by Equation (4.7), (4.8),
(4.9), and (4.10), which are valid no matter what 601,62,--,0r, € {0,1} are. Thus, the desired function ¢ is independent of
01,602,+,0L, € {0,1}. We omit ReLU (o) for a neuron if its output is non-negative without ReL.U.

o o‘(T — /n + n
[mm oo = tn).n} = 62|
\ ((r(r —{n) — n)
a( —o(x—In) + n)
Figure 12: An illustration of the network implementing the desired function ¢, ¢ for each £ € {0,1,---, L-1}, based on min{y,n} =
s(o(y+n)—o(-y-n)—o(y-n) -o(-y +n)).

Recall that ¢; € AV(width < (n +1)2"*; depth < 3). As shown in Figure 12, ¢o¢(z) € AN (width <
4; depth < 2) for £=0,1,---, L — 1. Therefore, the network in Figure 11 has width

2" -1) + (2" -1) + (R+1)2" 1 1+ 4+ 1=(n+3)2" +4

and depth
2+ L(1+3)=4L+2.

So we finish the proof. O

Next, we introduce Lemma 4.6 to map indices to the partial sum of given bits.

Lemma 4.6. Given any N, L e N* and arbitrary 6, € {0,1} for m=0,1,---,M -1 and k =0,1,--
where M = N*L and n = |logs(N +2) |, there exists

JIn-1,

¢ € NN (#input = 2; width < 6N + 14; depth <5L +4; #output = 1)
such that
o(m, k) = Zk: Om,j, form=0,1,-- M-1and k=0,1,---,Ln-1.
=0
Proof. Define
m = bin 0.0y, 00,1 0m,Ln-1, form=0,1,--- M —1.
Consider the sample set {(m,y,,) :m=0,1,---, M}, whose cardinality is
M+1=N((NL-1)+1)+1.
By Lemma 4.1 (set Ny = N and Ny = NL -1 therein), there exists

¢1 € NN (#input = 1; widthvec = [2N,2(NL - 1) + 1]; #output = 1)
= AV (#input = 1; widthvec = [2N,2N L - 1]; #output = 1)
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(T, B k
(%) (k+1) ,/(]524 [¢2 (G1(m),k +1) = 3 bmj = P(m, k)]
J’_

Figure 13: An illustration of the network implementing the desired function ¢ for m =0,1,---,M -1 and k=0,1,---,Ln — 1.

such that
(bl(m):y’ﬂh form:0a17'“aM_1'

By Lemma 4.5, there exists
¢g € N/\/(#input =2: width < (n+3)2"*! + 4; depth < 4L +2; #output = 1)

such that, for any &1,&2,-+, &1, € {0,1}, we have
E
¢2(bin0.§1§2---§Ln, ]f) = Zgj’ for k = 1,2,"',LTL.

j=1
It follows that, for any &, &1, &rno1 € {0,1}, we have
k

¢2(bin0'£0£1'“§l/nfla k + 1) = Zgjv for k = Oa 1,"'7L7’L— 1.
j=0
Thus, for m=0,1,---;M -1 and k=0,1,---,Ln— 1, we have

k
¢2(¢1(m)7 kE+ 1) = ¢2(y7na k+ 1) = ¢2(0-9m7007n,1"'9m,l/—17 k+ 1) = Z em,j-

Jj=0

Hence, the desired function function ¢ can be implemented by the network shown in Figure 13. By
Lemma 4.2, ¢; € NV (widthvec = [2N,2NL - 1]) ¢ NN (width < 4N +2; depth < L +1). It holds that

(n+3)2""1 +4<6-(3")+2=6-(318s(N*D) L 2 <6(N +2) +2=6N + 14,

implying
o9 € NN(#input = 2: width < (n+3)2"*"! +4; depth < 4L +2; #output = 1)
c NJ\/(#input =2; width < 6N + 14; depth <4L +2; #output = 1).

Therefore, the network in Figure 13 is with width max{(4N +2) +1,6N + 14} = 6N + 14 and depth (4L +
2)+1+(L+1)=5L+4. So we finish the proof. O

Next, we apply Lemma 4.6 to prove Lemma 4.7 below, which is a key intermediate conclusion to prove
Proposition 3.2.

Lemma 4.7. For any € >0 and N,L € N*, denote M = N*L and n = |logs(N +2)|. Assume ym i 20 for
m=0,1,---M-1and k=0,1,---, Ln — 1 are samples with

[Ymk = Ymk-1| <€, form=0,1,- M-1 and k=1,2,--,Ln-1.
Then there exists ¢ € NN (#input = 2; width < 16 N + 30; depth < 5L + 7; #output = 1) such that
(1) lo(m, k) —ymui| <e form=0,1,- M -1 and k=0,1,---,Ln—-1;
(i) 0< ¢(z1,22) <max{ympr:m=0,1,- M -1 and k=0,1,--,Ln—1} for any x1,z2 € R.
27



Proof. Define
am k= |Ymi/e], form=0,1,--M-1 and k=0,1,-,Ln-1.

We will construct a function implemented by a ReLU network to map the index (m, k) to a,, ke for m =
0,1, M-1and k=0,1,---,Ln—-1.

Define by, 0 = 0 and by i = Ak — Gm -1 for m = 0,1, M -1 and k = 1,2,--,Ln — 1. Since |[ym i —
Ym k-1| < € for all m and k, we have by, , € {-1,0,1}. Hence, there exist ¢, ; € {0,1} and d,, € {0,1} such
that by, r = ¢m ik — dm i, Which implies

k k k

Qm,k = Am,0 + Z(am,i - am,i—l) =Qm,0 + Z bm,i =am,o t Z bm,i
=1 =1 =0

k k
=am,0 + Z Cm,i — Z dm,ia
=0 i=0

form=0,1,M-1and k=0,1,---,Ln-1.
Consider the sample set

{(m,amo):m=0,1,-- M -1} J{(M,0)}.
Its sizeis M +1=N - ((NL -1+ 1) +1, by Lemma 4.1 (set Ny = N and N3 = NL -1 therein), there exists
1 € NN (widthvec = [2N,2(NL - 1) + 1]) = AN (widthvec = [2N,2NL - 1])

such that
P1(m) = am,o, form=0,1,--- M -1.

By Lemma 4.6, there exist 12,13 € NN (width < 6N + 14; depth < 5L + 4) such that

k k
Ya(m, k) => ¢y and  s(m,k) = dp,
=0 i=0

for m=0,1,--,M -1 and k=0,1,--, Ln - 1. Hence, it holds that

k k
Uk = Qim0+ . Cmi = . s = Y1(m) + a(m, k) — 3 (m, k), (4.11)
i=0 i=0

for m=0,1,-,M-1and k=0,1,--, Ln-1.
Define
Ymax = max{ymr:m=0,1,-- M-1 and k=0,1,--,Ln-1}.

Then the desired function can be implemented by two sub-networks shown in Figure 14.

0(0(%) + Yumax)
{ T~

(= 0(2) = Yumax)
o (m, k)]4>[a,,hk5 =: ¢1(m, k)] ‘><)) \>[min {0(2), Ymax } = q‘)z(,r)]

Pa(m, k)

(a) ¢ (b) ¢2

Figure 14: Illustrations of two sub-networks implementing the desired function ¢ = ¢2 o ¢1 for m = 0,1, M =1 and k =
0,1,--,Ln -1, based on Equation (4.11) and the fact min{zi,z2} = I“”;‘zr”‘ = U(zﬁzz)70(7“712)50(117052)70(711“62).
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By Lemma 4.2,

1 € NNV (#input = 1; widthvec = [2N,2N L - 1]; #output =1)
c AWV (#input = 1; width < 4N +2; depth < L +1; #output = 1).
Recall that 12,13 € NN (width < 6N + 14; depth < 5L +4). Thus, ¢; € NNV (width < (4N +2) +2(6N +14) =
16N + 30; depth < (5L +4) +1 = 5L +5) as shown in Figure 14. And it is clear that ¢o € AN (width <
4; depth < 2), implying ¢ = ¢ o ¢1 € NN (width < 16N + 30; depth < (5L +5)+2=5L+7).
Clearly, 0 < ¢(21,22) < Ymax for any 1,z € R, since ¢(x1,22) = ¢a0d1 (21, 22) = max{o(¢1(21,22)), Ymax }-

Note that 0 < am ke = |Ymk/€Je € Ymax. Then we have ¢p(m,k) = ¢2 o p1(m,k) = ¢2(amie) =
max{o(am, k€); Ymax } = Gm k€. Therefore,

|¢(mvk) - ym,k| = |am,k5 - ym,k| = “ym,k/EJe - ym,k| <g,
form=0,1,--M-1and k=0,1,---, Ln — 1. Hence, we finish the proof. O

Finally, we apply Lemma 4.7 to prove Proposition 3.2.

Proof of Proposition 3.2. Denote M = N2L, n = [logs(N +2)], and L=Ln. We may assume J = M Ln = ML
since we can set yj_1 =Yy =Yj+1 = =Ypy1q L J <ML.
Consider the sample set

{(mf,m) :m:0,1,-~~,M}U{(mf+f—1,m):m:O,l,m,M—l}.
Its size is 2M +1=N-((2NL-1)+1) +1. By Lemma 4.1 (set N; = N and Np = NL -1 therein), there exist
¢ € NN (widthvec = [2N,2(2NL - 1) + 1]) = NN (widthvec = [2N,4NL - 1])
such that
e ¢1(ML) =M and ¢ (mL) = p1(mL+L—-1) =m for m=0,1,--, M - 1.
e ¢y is linear on each interval [mI,mL + L -1] for m=0,1,-, M - 1.

It follows that _ _
¢1(j)=m, and j-Lé1(j)=k, wherej=mL+k, (4.12)

_

form=0,1, M -1and k=0,1,---, L —1.

Note that any number j in {0,1,--, J—1} can be uniquely indexed as j = mL+k for m = 0,1,---, M1 and
k=0,1,--,L-1. So we can denote Yj = YTk 8 YUmk- Then by Lemma 4.7, there exists ¢ € NNV (width <
16N +30; depth <5L + 7) such that

|pa(m, k) = ymi| <&, form=0,1,-M-1 and k=0,1,-,L-1, (4.13)

and
0< ¢o(x1,72) < Ymax, for any x1,z2 € R, (4.14)

where Ymay = max{y, x :m =0,1,- M -1 and k=0,1,--, L~ 1} =max{y; : j =0,1,---, ML - 1}.

o1(9)

/ﬁél/) \
J
0w

Figure 15: AE illustration of the ReLU network implementing the desired function ¢ basgfi Equation (4.12). The index
j€{0,1,-, ML -1} is unique represented by j =mL +k for m=0,1,-- M -1 and k=0,1,---,L - 1.

(60) = 02(610).5 ~ L) = 620m. ) = 63) = yme = 13
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By Lemma 4.2,

@1 € NN (#input = 1; widthvec = [2N,4NL - 1]; #output = 1)
c AN (#input = 1; width < 8N +2;depth < L + 1; #output = 1).

Recall that ¢o € NN (width < 16N + 30; depth <5L +7). So ¢ € NN (width < 16 N +30; depth < (L+1) +2+
(5L +7)=6L+10) as shown in Figure 15.
Equation (4.14) implies
0< () < Ymax, Tfor any zeR,

since ¢ is given by ¢(x) = d)g((bl(x),a: - f¢1(x)).
Represent j € {0,1,---7Mf— 1} via j = mL +k for m =0,1,--, M -1 and k =0,1,--,L — 1. Then, by
Equation (4.13), we have

[6(5) = 93l = |62(61(1).d = Lér(5)) = il = [62(m k) =yl <,
for any j € {0,1,--,ML -1} = {0,1,--,J —1}. So we finish the proof. O

We would like to remark that the key idea in the proof of Proposition 3.2 is the bit extraction technique
in Lemma 4.5, which allows us to store Ln bits in a binary number bin0.6,05---01,, and extract each bit 6;.
The extraction operator can be efficiently carried out via a deep ReLU neural network demonstrating the
power of depth.

5. Conclusion and future work

This paper aims at a quantitative and optimal approximation rate for ReLU networks in terms of the
width and depth to approximate continuous functions. It is shown by construction that ReLU networks
with width O(N) and depth O(L) can approximate an arbitrary continuous function on [0,1]? with an
approximation rate (9( w f((N 2I2InN )‘1/ d) ) By connecting the approximation property to VC-dimension,
we prove that such a rate is optimal for Holder continuous functions on [0,1]¢ in terms of the width and
depth separately, and hence this rate is also optimal for the whole continuous function class. We also extend
our analysis to general continuous functions on any bounded subset of RY. We would like to remark that our
analysis was based on the fully connected feed-forward neural networks and the ReLU activation function.
It would be very interesting to extend our conclusions to neural networks with other types of architectures
(e.g., convolutional neural networks) and activation functions (e.g., tanh and sigmoid functions).
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