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Thursday, April 17, 2014.

No Calculators, No cellphones,
Closed book and notes,

You may use the back of the pages.
Students’ “no assistance” pledge

DO FIVE OF THE SIX PROBLEMS
CROSS OUT THE GRADE BOX OF THE PROBLEM NOT DONE

Problem 1

Problem 2

Problem 3

Problem 4

Problem 5

Problem 6

PLACE YOUR FINAL ANSWERS IN A BOX




1. Find all the nonzero solutions of the following ODE boundary value problem and the corre-
sponding values of the parameter o > 0.
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2. Find the solution to the Laplace equation
Upe + Uy =0 O <2 <7, Yy >0
You are given the following conditions :

(a) uy = 0 along the vertical half-line » = 0, y > 0 and along the vertical half-line » =
m, 4 >0,

(b) 4= cosz on & axis (0 <z < w).

(c) u remains bounded as y tends to infinity.

Hint: Can be done with little calculation. Begin by sketching the region of validity of the

PDE.
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3. Given two arbitrary functions F'(z) and G{x),

(a) verify that the function,
w(z,t) = Flz —t) + Gz + 1)

satisfies (is a solution of) the wave equation

Ugg = Uy = 0.
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(b} determine the functions F' and &, if you know in addition that
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(c) Graph u(z) at t = 5. Describe in words how the wave evolves.
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4. (a) Let L be a second order linear differential operator over an interval (a,b) with homoge-
neous boundary conditions. What does it mean to say that the operator L is selfadjoint?
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(b) Give an example of a second order linear differential operator over (a,) with homo-
geneous Dirichlet boundary conditions, that is not selfadjoint. Explain why it is not

salfadjoint. ' -
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In the following initial boundary value problem for the heat equation,

o U = 021y, over the interval 0 < @ < L and for £ > 0,
o 4(0,t) = w(l,t) =0,

necessarily, u{a,t) tends to zero as ¢ tends to infinity.
Give o mathematics and & physics justification of your answer.
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(d) If in the previous problem the boundary condition at both endpoints is of Neumann

type (1 = 0), what will be the limit of u{x,) as ¢ tends to infinity? Assume the initial
condition u(x, 0) = 2.5 + cos(153z).
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5.

(a} A given function f(z) is defined on the interval 0 < & < L and belongs to the space L2
of this interval. The function is represented os a series

Give a step-by-step derivation of a formula for the coefficients with appropriate justifi-
cations.
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(b) Write down a linear PDE that is satisfied by the function sinx cos(2y).
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(¢) Find the solution of the following boundary value problem WITHOUT DOING ANY
CALCULATION.

® Uyy + Uy = 0 inside a rectangle in the (z, y) plane,

« At every point of the boundary the derivative of u in the direction perpendicular to
the boundary equals zero.
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6. Find the solution to the following initial-boundary value problem
Up = Upe + f(2), O<2<mw, t>0
Ug(Oyt) =0,  up(m,t) =0
w(z,0) =0
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