ORD & PRTL DIFF EQUATIONS-MATH 353-Fall 2012-EXAM 2

Name: KEY Section: / A 2

No Calculators.

Closed book and notes.

Write your final answers in the box if provided.

You may use the back of the pages.

You may not discuss with anyone not in your section until 5:00pm of test date.

MATH 353, ORD & PRTL DIFF EQUATIONS-EXAM 2

Problem 1

Problem 2

Problem 3

Problem 4

Problem 5

Problem 6




1. Solve the eigenvalue problem ({ind all eigenvalues and the corresponding eigenfunctions)

WM =0, 0<z <1,

with boundary conditions %'(0) = 0 and %{1) = 0. When determining the cigenvalues, examine
the cases A = 0 and A # 0 separately.
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2. In the following table, indicate whether the operator is or is not selfadjoint. An x in the slot of
selafadjoint column means the operator is selfadjoint. An x in the non-selfadjoint column means
it is not.

Clarification: A function (as with sinz and cosz in the table) acting as an operator function,
simply multiplies the function it is acting on.

There is a penalty for a wrong answer and for marking both slots.

operator | boundary conditions || selfadjoint | non-selfadjoint
% +34 | periodic 2

p= Dirichlet [H] v

% +sinz | Neuwmann [H] %

Cos T none, r € R <

4

L none, r € R %




3. The inner product in the vector space of real square-integrable functions defined on the interval
0 < z < 1 is defined by '

(f,9)=/0 flz)g(z)dz.

Let the functions (), ta{x), ¥3(x),--- be an orthogonal {not necessarily orthonormal) basis of
this space and let f(z) be a known square-integrable function, defined on the interval 0 < z < 1.

(a) Derive a formula for the coeflicient a,, of the expansion

f(il?) = alv,bl(:c) + CL2’E/J2($) -+ 0.37.,[)3(1'3) +---, D<x < 1,

{no credit for writing the formula from memory)
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(b) Given a second real square-integrable function, defined on the interval 0 < z < 1
glz) = b (x) + botpa(z) + batpa(z) + -+, 0 <z <1,
and now assuming that the basis is ORTHONORMAL, prove that

(f,9) = aib) + asbs + agbs + - - - .
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4. Solve the following boundary value problem for Laplace’s equation without using a series expansion.

Upe + Uy = 0 in the region of the x,y plane in which 0 <z <ooand 0 <y <1,

Boundary conditions:

u=0when z >0, y =10,
=0 when z >0, y=1,
u(0,y) = sin(ry) when z =0, 0 <y < 1,
u remains bounded as x tends to infinity.
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5. (&)"’S"B’Ive the following initial boundary value problem for w(z, t) when m = 0.

T
U = Ugy + M COS — T O<e<L, >0

BC: w.(0,0) =0, u,(L,t)=0,
IC: w(z,0) = i,

NOTE: You may use the appropriate basis if you remember it without deriving it. Remember
to check whether A = 0 is an eigenvalue. Remember the condition m = 0
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( ) What is the limit of the solution as ¢ tends to positive infinity in (a) and (b) above
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6. (a) Calculate the Fourier series of the function f(z) that equals #? when —7 < z < 7 and is
repeated periodically with period 27 over the z axis.
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