Asst. Professor Storm _ December 11, 2006

Math 53

Final Exam

Instructions. Answer the following problems carefully and completely. Make sure
you show all your work. Do not use a calculator. In problems 3, 7, and 8 you may
use the FACT without justification. There are 100 points possible. Good luck!
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1. Suppose y(t) is a function satisfying the equations
¥ (1) =¥ and y(0)=0.

Find an exphc:lt formula for y(2).
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2. Consider the second order ODE

oy (t) 4 dy(t) = —2 cos(2t).

Without using Laplace transforms, find a solution to this ODE.
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3. Consider the system ¢'(¢) = Ag(t) where

(O
Az(_5 I)_
1 -5

FACT: This system has the following fundamental set of solutions:

Classify the equilibrium at the origin and sketch the phase-plane portrait for the
above system. In particular draw a few arrows on the solution curves to illustrate the

direction of the flow and explain the behavior ast{ — co and t — —o0.
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4. Consider the second order initial value problem

Y'(t) -yt =2, y(0)=0, y(0)=1

Use the Laplace transform to find the solution of this initial value problem.
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5. Consider the differential equation

® sm(Zy )dz + ( 277 cos(Zy) — Zy)dy 0.

Determine if this equatlon is exact. If it is exact then solve it, ie. ﬁnd a function
F(z,y) so that the solutions of the ODE are the level sets of F'(x,y).
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6. Define a system of first order ODEs equivalent to the single ODE
A
() + 2" ()z(t) — 2’ ()z(t) = 2.

It is not necessary to solve the resulting system.
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8. Consider the maftrix

®) 1 1 0
A=|1 2 1].
3 -2 3

FACTS: The characteristic equation for A is

M-\ +1220-8=0.

2is an eigenvalue of A. Finally,
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