Solutions to Math 41 Final Exam — December 8, 2014

1. (10 points) Find all values of o and 8 such that
Y(t) = AtPe!

for some constant A is a solution of

y//_'_ay/_’_y:eft.

Solution 1. We vary o and see how 8 must change accordingly. Note that the characteristic equation
is A2+ aX+1 = 0. Thus, if A = —1 is to be a root, then we must have a = 2. In this case, A = —1 is
a repeated root, so the solutions to the homogeneous equation take the form e~* and te~f. Therefore,
by the method of undetermined coefficients, we should guess a particular solution with g = 2:

Y(t) = At?e?
= Y'(t) = —At?e”! + 2Ate™!
= Y'(t)= At?e! —4Ate7t +24e7!

To verify that such a solution actually exists, we compute

1
Y'+2Y' +Y =24 = A= 3
On the other hand, if & # 2, then X # —1 and the homogeneous solutions do not take the form t?e~*

for any 3. We should then guess a particular solution with 8 = 0: Y () = Ae~!. Plugging in, we find

1

Y'4aY'+Y =2-a)de™ = A= R
—

Thus, we must have 8 =2 if a =2 and § =0 if « # 2.

Solution 2. We vary § and see which values of o we need. Compute directly:

Y(t) = AtPe!
—  Y'(t) = —AtPet + AptPlet
=  Y"(t) AtPe=t — 2ABtP et + AB(B — 1)tP~2e

= e '=Y"+aY' +Y = AB(B — DtP 2 + A(a — 2)BtPle7t + A(2 — a)tPe .

Matching terms, we find that we need 8 = 0, 1, or 2. If § = 0, then we have

A2—a)=1 = A:%a, a # 2.

2

If § =1, then

_ Aa =2) :

Ala—2)+ A2 -a)t=1 = { Ala—2)=0 } = 1o solution.

If =2, then

2A =1 1

2A4+2A(a—2t+ A2 - )P =1 = { 24(a—2)=0 ; = A=-, a=2
2
Ala—2)=0

Thus, we must have o 2 if =0 and o = 2 if g = 2.
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2. Consider the linear differential equation
ty' +ty —y=0, t>0.

(a) (2 points) Show that y(t) =t is a solution.

(b) (4 points) Abel’s theorem states that the Wronskian of two solutions of the second-order equation

Y +pt)y +q(t)y=0

is given by

W(t) = coxp [— / (1) dt]

for some constant c¢. Use this to compute the Wronskian for the equation above.
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(c) (6 points) Use the Wronskian from (b) to determine a second linearly independent solution. You
may leave all integrals unsimplified. Hint: The Wronskian of two solutions y;(t) and ya(t) is
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3. (9 points) Suppose that a differential equation

M(z,y)dx + N(z,y)dy =0

can be made exact through multiplying by an integrating factor u(z,y) = p(z) for some differentiable
function z = f(x,y). Prove that u satisfies

W) = (37 =arr ) e




Math 53, Autumn 2014 Solutions to Final Exam — December 8, 2014 Page 5 of 10

4. (a) (5 points) Find the Laplace transform of the piecewise continuous function

f(t):{t, 0<t<l,

et 1<t

(b) (5 points) Show that

1 S _l .
L {—(32+1)2} = 2tsmt.

(c) (5 points) Calculate the inverse Laplace transform

et

You may use the result from (b) without justification.
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5. (12 points) Solve the initial value problem
y W16y =0, yO)=1, Y0O) =1, y'(0)=-2 y"(0) =0

Solution 1. Find the characteristic equation by substituting y = e:

0=X—-16=(A24+49(N2—4) = A +2)A—-2) (A2 +4),

which has roots A = £2, +2:. Hence, the general solution is

y(t) = Ae**+ Be 2+ Ccos(2t)+ Dsin(2t)
= y/(t) = 24e* —2Be™% — 2Csin(2t) + 2D cos(2t)
= y'(t) = 4A62t +4Be=% — 4C cos(2t) — 4D sin(2t)
= ¢ (t) = 8Ae* — 8Be 2! + 8C'sin(2t) — 8D cos(2t)

for constants A, B, C, D. It remains to match the initial conditions:

1=y(0) = A+ B+ C

1= 4(0) =24 —-2B +92D 1 - 3 B
—2 = y"(0) = 4A+4B — 4C = A=, B=0, C=7, D=7
0=19"(0) =8A -8B —_8D

Note. Strictly speaking, we introduced this technique only for second-order equations, but the principle is clearly the
same. We can also come to the same conclusion using only second-order methods by writing

d4 d2 d2 Z”+4Z:0
0 <dt4 6> Y <dt2 + ) <dt2 )y 0 Y —dy ==z
—_———

2z

and solving for z(t) then for y(t).

Solution 2. Let Y(s) = £{y}(s) and take the Laplace transform:

(s* = 16)Y(s) = s°y(0) + s°y'(0) + sy"(0) + y""(0)
(s2+4)(s2 —4)Y(s) = s> + 5% — 25
(s +2)(s —2)(s> +4)Y (s) = s(s + 2)(s — 1),

SO

s(s—1) A Bs+2C  A(s*+4) + (Bs+2C)(s — 2)

Y(S):(s—2)(82+4)_5—2+ s2+4 (s =2)(s* +4)

for constants A, B, C, i.e.,

1= A+ B 1 3 1
0=4A —4C

on matching coefficients. Thus,

0=t e e (e k]

1 3 1
= 1621: +7 cos(2t) + 7 sin(2t).
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6. Consider the autonomous nonlinear system

15— s

yl:em_y2.

(a) (3 points) Find all critical points (equilibrium solutions).

(b) (3 points) Determine the type and stability of each critical point.

(c) (4 points) Draw a phase portrait around each critical point.



Haizhao
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frefe™
=)

File Edit Window Solution Graph Cptions

(d) (5 points) Find the equations of all solution curves.
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7. (15 points) Find the general solution of the inhomogeneous linear differential equation

y" 4y = sect.
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8. Consider the nonlinear initial value problem

4
SV Hy—VI=0, y(1)=0.

(a) (2 points) Find a solution by inspection.

b) (6 points) Use the change of variables y(t) = [u(t)]? to find a second solution.
( g y

(c) (4 points) Why does this not contradict the theorem on the existence of a unique solution?




