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Introduction Problem Statement

Existing Methods

Summary of Proposed Method

@ Superposition of several patterns
@ Differ in instantaneous frequency
@ Nonlinear and non-stationary with sudden changes
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Figure : Decomposition using wavelets
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Introduction

Problem Statement
Existing Methods

Summary of Proposed Method

Mode decomposition

Known: A superposition of wave-like components

K K

() =D f(x) = a(x)emMeont),

Unknown:
@ Number K
@ Components fx(x)
@ Smooth instantaneous amplitudes ay(x)
@ Smooth instantaneous frequencies Ni¢j (x)
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Introduction

Problem Statement
Existing Methods

Summary of Proposed Method

General mode decomposition problem

Known: A superposition of general wave-like components

K K
f(X) — Z fk(X) == Zak(X)Sk(27TNk¢k(X)),
k=1 k=1
Unknown:
@ Basic unknown information
@ General wave shape functions sk(x),

i.e. {(n, sk(n) : $x(n) # 0}
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Introduction

Problem Statement
Existing Methods
Summary of Proposed Method

Empirical mode decomposition (Huang et al. 98,99,0

o M

ore physical meaning

@ Better than Fourier and wavelet analysis
@ Need more mathematical understanding
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Introduction

Problem Statement
Existing Methods
Summary of Proposed Method

Synchrosqueezed wavelet transform (Daubechies et al. 95 11)
@ Band-limited wave shape function s (Wu 2012)
@ No explicit statement about the reconstruction of s.
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Figure : Left: Real Echocardiography (ECG) wave shape and its band-limited
approximation. Right: Fourier power spectrum.
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Introduction Problem Statement

Existing Methods
Summary of Proposed Method

Difficulties in general mode decomposition

@ Need accurate estimates of high frequency information
@ Crossover frequencies, poor scale separation
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Introduction

Problem Statement
Existing Methods

Summary of Proposed Method

Innovation 1

Synchrosqueezed wave packet transforms with a scaling parameter
se(1/2,1)
@ Better resolution to estimate instantaneous information in high
frequency domain
@ General wave shapes sk, NOT band-limited
@ Fast algorithm O(Nlog N)

Innovation 2
Diffeomorphism based spectral analysis (DSA)
@ First method to reconstruct sx

o Efficient implementation O(KMN), M is the number of principal
Fourier modes of all s and K is the number of s.
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Synchrosqueezed Transforms Synchrosqueezed Wavelet Transform

Synchrosqueezed Wave Packet Transform

Synchrosqueezed wavelet transform (SSWT)

Continuous wavelet transform of a signal s(t):

Ws(a, b) = <S(t);¢ab(t)> - /s(t)a1/2¢(tab)dt

EX: s(t) = Acos(wt).
( —_ 7/ 1/2 aé— Ibf dé— _ Aﬂ 1/2$(aW)eibw.
Synchrosqueezing for better readability
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Figure : Numerical examples by Daubechies et al, signal f(t) = sin(8t).
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Synchrosqueezed Transforms Synchrosqueezed Wavelet Transform
Synchrosqueezed Wave Packet Transform

Definitions of SSWT

EX: s(t) = Acos(wt).

Ws(a, b) = fa'/2g(aw)el = %PEED) — o

Definition: Instantaneous frequency estimate

ab Ws(a7 b)

ws(a,b) = Gy

Definition: Synchrosqueezed wavelet transform

Te(w, b) = / Ws(a, b)a2/26(ws(a, b) — w) da.
{a:Ws(a,b)#0}
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Synchrosqueezed Transforms Synchrosqueezed Wavelet Transform
Synchrosqueezed Wave Packet Transform

Theory of SSWT

Theorem: (Daubechies, Lu, Wu 11 ACHA)
If

K K
f(t) = Z fk(t) = Zak(t)eZWiNk¢k(t)
k=1 k=1

and fi(t) are well-separated, then

@ T¢(a, b) has well-separated supports Zx concentrating
(Nk i (b)), b);

@ fi(t) can be accurately recovered by applying an inverse
transform on Zz, (a, b)7¢(a, b).

where 7z, (a, b) is an indication function.
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Synchrosqueezed Transforms Synchrosqueezed Wavelet Transform

Synchrosqueezed Wave Packet Transform

Mode decomposition example by SSWT
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Figure : A superposition of two modes with crossover frequencies. Courtesy
of [Daubechies, Lu, Wu 11].
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Synchrosqueezed Transforms Synchrosqueezed Wavelet Transform
Synchrosqueezed Wave Packet Transform

Synchrosqueezed wave packet transform (SSWPT)

Wave packets {wa(t) : |al > 1,b € R} with s € (1/2,1):
wap(t) = |a*?w(|al*(t - b))e?m (=02,
or equivalently, in the Fourier domain as
Wab(€) = |a|~*/2e7 2™ W(|a| (¢ — a)).
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Figure : Comparison of tilings. Top: wavelets. Bottom: wave packets.
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Synchrosqueezed Transforms Synchrosqueezed Wavelet Transform
Synchrosqueezed Wave Packet Transform

Definition: Instantaneous frequency estimate

Definition: Synchrosqueezed wave packet transform

To(w, b) = / |Wi(a, b)[26(Ruws(a, b) — w) da.
{a:Ws(a,b)£0}
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Synchrosqueezed Transforms Synchrosqueezed Wavelet Transform
Synchrosqueezed Wave Packet Transform

Theorem of SSWPT (Y. 13)
If

K

K
f(t) = Z fi(t) = Zak(t)sk (2 Nk k(1))
k=1

k=1
and fi(t) has a well-separated Fourier series mode
Sk(n)a ()& MNke(t) then
@ T:(a, b) has a well-separated support Zx, concentrating
(N i (b), b);
@ Si(n)ak(t)e?™Neox(D) can be accurately recovered by applying an

inverse transform on Zz_(a, b)T¢(a, b), where Zz, (a, b) is an
indicator function.
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Synchrosqueezed Transforms Synchrosqueezed Wavelet Transform

Synchrosqueezed Wave Packet Transform
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Figure : The SSWT of the same ECG signal.
high frequency part.
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Synchrosqueezed Transforms Synchrosqueezed Wavelet Transform

Synchrosqueezed Wave Packet Transform
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Figure : The SSWPT of an ECG signal.
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Diffeomorphism Based Spectral Analysis

General mode decomposition:

f(t) = si(@aNig1(t)) + s2(2mNagia(t))
§1(n)ezninN1¢1(t) + S (n)eZTrinN2¢»2(t)
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Diffeomorphism Based Spectral Analysis

Diffeomorphism based spectral analysis (DSA)

Suppose
f(f) = S (27TN1 ?1 (t)) + 82(27I'N2¢2(2‘))7

we know pi(t) = Nkoi(t), k=1, 2.
Goal: find n and 8x(n) such that S, (n) # 0.

Let
h(t)=fop'(t)= 3 S(mer™ + 3" 3" F(n)ePr A,
n=—oo Jj#k n=—o0
Idea:
@ The location of the peak of |?7k(£)\ tell us one candidate n. Hence,
solve .
,J) = argmax |h, .
(7.J) = argmax ()]
@ Solve

a _ : f(t) — 6271'/7‘/\//(;5/({) .
§j(r) = argmin||f() - 5 ez

@ Update f(t) = f(t) — §j(7)e*>~™N¢/() and repeat this process.
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Diffeomorphism Based Spectral Analysis

Theory of DSA

Suppose f(t) = Z,’; ak(t)sk(2m Nk ok (t)) and phase functions
{ok(t)}1<k<k are well-different. Define

fog'(t)
ok o ¢y (1)

For a Gabor transform Fr with a sufficiently large window, let

hi(t) =

(&0, ko) = arg max|Fr(hk)(a, b)],
(a,k)

then ay ~ nNy, for some n such that sx,(n) # 0.
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Diffeomorphism Based Spectral Analysis

General mode decomposition
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Figure : Blue: Real signals. Red: Reconstructed results. Top: Two recovered
modes using a few well separated components. Bottom: Two recovered
general modes provided by the DSA method.
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Numerical Examples

Example 1
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Figure : Toy Example. Left: SSWPT and DSA. Right: EEMD.
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Numerical Examples

Time (Second)

Figure : ECG spike shape function. Left:SSWPT and DSA. Right: EEMD.
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Numerical Examples

Example 3
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Figure : Real CO; concentration data. Left:
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SSWPT and DSA. Right: EEMD.
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